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Abstract 



Superstring phenomenology explores classes of vacua which can reproduce the low en- 
ergy data provided by the Standard Model. We consider the heterotic Eg x Eg string 
theory, which gives rise to four-dimensional Standard-like Models and allows for their 
5*0(10) embedding. The exploration of realistic vacua consists of finding compactifica- 
tions of the heterotic string from ten to four dimensions. We investigate two different 
schemes of compactification: the free fermionic formulation and the orbifold construc- 
tion. The relation of free fermion models to Z2 x Z2 orbifold compactifications implies 
that they produce three pairs of untwisted Higgs multiplets. In the examples presented 
in this dissertation we explore the removal of the extra Higgs representations by using 
the free fermion boundary conditions directly at the string level, rather than in the 
effective low energy field theory. Moreover, by employing the standard analysis of flat 
directions we present a quasi-realistic three generation string model in which stringent 
F and D flat solutions do not appear to exist to all orders in the superpotential. We 
speculate that this result is indicative of the non-existence of supersymmetric F- and 
D flat solutions in this model and discuss its potential implications. By continuing 
our search of semi-realistic models in different string compactifications we present a 
simple, yet rich, set up: the orbifold. The simplest examples of orbifold compactifica- 
tions generally produce a large number of families, which are clearly unappealing for 
experimental reasons. We show that, by choosing a non-factorisable compactification 
lattice, defined by skewing its standard simple roots, we decrease the total number of 
generations. Although we do not provide a semi-realistic model in this framework, the 
method represents an intermediate step to the final realisation of phenomenologically 
viable three generation models. Moreover, we mention other possible tools which may 
be applied in the search of Standard Model-like solutions. Finally, the construction 
of modular invariant partition functions for E^ X E^ orbifold compactifications is pre- 
sented. Several interesting examples are derived with this formalism, such as the case 
of a Z2 X Z2 shift orbifold model, in order to provide a more technical approach in the 
construction of consistent string models. 
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Chapter 1 

Introduction 



1.1 Motivation 

The Standard Model (SM) of Particle Physics describes correctly the physics of the 
elementary particles and their interactions, as confirmed by the experiments up to the 
electroweak scale Miy = 246 GeV. It combines three of the four fundamental forces in 
nature, the weak, the strong and the electromagnetic interaction, into a unique theo- 
retical framework, which is a Yang-Mills gauge theory based on the symmetry group 
SU{3)c X SU{2)i X U{1)y (C, L and Y denote the colour, the weak isospin and the 
hypercharge quantum number respectively). In particular, the weak and the electro- 
magnetic interactions are described by the SU{2)i x U{1)y gauge symmetry, which is 
spontaneously broken to a U{l)em by the Higgs mechanism The resulting massive 
gauge bosons, and , mediate the weak interactions, while the massless boson 7, 
the photon, is the carrier of the electromagnetic force. The Quantum Chromodynamics 
is described by the SU{2>)c sector, which remains unbroken, where the messengers of 
the strong interaction are eight massless gluons. The Standard Model content consists 
of three generations of leptons and three generations of quarks, in agreement with the 
observed experiments. The predictability of the Standard Model is a consequence of its 
renormalizability, which assures a consistent perturbative analysis of quantities related 
to the particle physics (infinities that may appear in the calculations are consistently 
absorbed into a finite number of physical parameters). Despite the achievements ac- 
complished in this set up, several issues have not been resolved yet. We list below some 
among the most important shortcomings of the Standard Model j^. 

• Absence of gravity: the Standard Model does not include in its description the 
Newtonian force, which is 42 orders of magnitude smaller than the nuclear forces. Al- 
though General Relativity describes its infrared properties consistently, gravity is char- 
acterised by non-renormalizable operators which produce ultraviolet divergences. 

• The hierarchy problem: the Higgs boson, responsible for the electroweak symmetry 
breaking and for the generations of the masses for the elementary particles, has a mass of 
the order of 100 GeV (if correctly predicted by the Standard Model). This mass receives 
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radiative corrections which can make the Higgs very heavy 10^^ GeV), while its 
vacuum expectation value is of the order of the electroweak scale. The hierarchy between 
the two energy scales in the physics of the Higgs boson appears very unnatural, and 
certainly unappealing for a fundamental theory. The introduction of supersymmetry (a 
symmetry between fermionic and bosonic degrees of freedom in the theory) solves this 
problem by preventing the scalar particle to acquire the dangerous contributions from 
the perturbation theory, thus stabilising its mass. 

• The grand unification: the coupling constants for the electromagnetic and nuclear 
forces are parameters which depend on the energy scale. If their behaviour is extrapo- 
lated at high energy, roughly 10^^ GeV, these values approach to one point but do not 
coincide. If supersymmetry is included, the final theory provides a unified description 
of the forces of the Standard Model at high energy. 

• The arbitrariness: more than twenty free parameters describe the physics of the 
Standard Model and their values are completely arbitrary. For instance, the fermion 
masses, the gauge and Yukawa couplings, the Kobayashi-Maskawa parameters and many 
others have to be fixed by the experiments and put by hand into the theory. 

There are many other open questions related to the physics of the Standard Model, 
such as the problem of the cosmological constant, whose small value cannot be explained 
in this set up. Also, the number of families does not find a reasonable explanation. 
Moreover, we mention the non-zero neutrino masses, due to their oscillations, which 
does not fit into the description of the leptonic physics of the Standard Model. The 
attempts of surmounting all these inconsistencies lead to several different theoretical 
solutions in the physics beyond the Standard Model, for instance the introduction of 
grand unification theories (GUTs) and supersymmetry. The main target of GUTs the- 
ories [2j [3] is solving the unification problem previously mentioned, by extending the 
gauge symmetry group of the SM to a Gqut characterised by only one gauge coupling. 
In principle, the strong, the weak and the electromagnetic interaction merge together 
at some higher energy scale Mqut where the theory has the larger gauge symmetry 
Ggut- When the energy decreases below Mgut then the GUT symmetry breaks to 
the SM gauge group SU{3) x SU{2) x C/(l) and the couplings associated with different 
factors evolve at different rate. The smallest simple group which accommodates the SM 
is the SU{5) with Mqut — 10^^ GeV [4j. A typical feature of grand unified theories is 
the mixing of quarks and leptons into the same group representation. Thus, in the case 
of SU{5) gauge group, a matter generation is contained into the two irreducible rep- 
resentations {10, 5} e SU{5). By considering a larger Ggut, for example an SO{W) 
symmetry [5], it is possible to combine one generation into only one irreducible repre- 
sentation, precisely the 16 of SO(IO). In the last case, the presence of a singlet state, 
the right-handed neutrino, and the absence of exotic particles makes the model very 
predictive. Unfortunately, there are several unsolved questions appearing in grand uni- 
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fied theories, most of which originated from the quark-lepton mixing. A first example 
is given by the existence of new interactions that violate lepton and baryon number, 
which are responsible for the instability of the proton. Another typical problem is the 
presence of colour-triplet Higgs states which we do not expect to see in the low energy 
spectrum (the so-called doublet-triplet splitting problem). Additionally, the hierarchy 
problem, which affects already the physics of the SM, does not find a solution in GUTs 
theories. Finally, they still suffer from the lack of gravity. 

Several answers to the previous problems are presented by supersymmetric theories. 
In particular the hierarchy problem is solved with the introduction of supersymmetry 
(SUSY), as anticipated earlier, which associates to each boson of the theory a fermionic 
superpartner with the same quantum numbers (since any internal symmetry commutes 
with SUSY). This symmetry is an extension of the Poincare algebra which includes 
the fermionic generators Q*, i = 1, ..A^, satisfying anticommutation relations. The way 
supersymmetry overcomes the hierarchy problem is by "doubling" the spectrum, where 
each scalar coexists with its fermionic partner. Basically, the radiative corrections of the 
scalar Higgs at one-loop include a divergent scalar self-energy term. In supersymmet- 
ric theories a quadratically divergent term from the bosonic superpartner arises, giving 
exactly an opposite contribution. Hence, we assist to a cancellation of terms which sta- 
bilises the scalar masses of the theory. At low energies there is no experimental evidence 
of supersymmetric particles, implying that SUSY has to be broken at a relatively low 
scale, while being an exact symmetry at high energies. 

1.2 String theory as a theory of unification 

As mentioned before, the non-renormalizability of General Relativity makes a consistent 
description of quantum gravity problematic. Therefore, the formulation of a quantum 
theory that includes gravity and the other forces is very important. String theory 
seems to be the most successful candidate for a unified theory of all forces in nature, 
as we explain in the following. The regularization of the gravitational interactions 
is realised thanks to the introduction of an extended object, the string. The known 
particles are identified with massless excitations of the string. Beside these particles 
there is an infinite tower of fields with increasing masses and spins [HI Ej with typical 
mass of the order of the Plank scale Mp ~ 10^^ GeV. Among all excitation modes the 
graviton, the quantum of the gravitational field, arises in the spectrum, and suggests the 
interpretation of string theory as a quantum theory of gravity. Moreover, the presence of 
only one parameter (the string coupling gs) used in the description of all phenomena, is 
considered a key feature in the prospective of an unifying picture. From a more technical 
point of view, string theory contains gauge symmetries which may incorporate the SM 
symmetry. Finally, supersymmetry arises in a natural way in this set up, despite the 
existence of consistent modular invariant string theories which are not supersymmetric. 
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In the quantization procedure, the consistency of the string theory requires spacetime 
to have the critical dimension, which corresponds to -D = 10 for supersymmetric strings. 
In the table below we present the five 10-dimensional perturbative superstring theories 
and some of their most important properties. 



Type 




String 


Massless bosonic content 




1 


closed and oriented 


9tiv, <f, Bfj,u,An of Eg X Eg 


HsO{32) 


1 


closed and oriented 


g^u, Bp_^,A^ of 50(32) 


I - 50(32) 


1 


open+ closed unoriented 


9t^u,^,\iy,\ of 50(32) 


IIA 


2 


closed and oriented 


gf,u,(p,Bfj_^,Cf,^p,Afj, of C/(l) 


IIB 


2 


closed and oriented 





In the table above, gp,i,,(f, Bp^, Ap, represent the graviton, the dilaton, the antisym- 
metric tensor and the gauge bosons respectively. The bosons Ap belong to the adjoint 
representation of Eg x Eg or 50(32) for the first three cases, while they are bosons 
of U{1) symmetries for the type IIA case. Cpyp^ip' ,B^^ and Dpupa are respectively a 
three-index tensor potential, a zero-form, a two-form and a four-form potential, the lat- 
ter with self-dual field strength. The five superstring models are considered as different 
manifestations (in different regimes), of an unique theory, known as M-theory, and 
they are connected by some kind of equivalences, the so-called string dualities [8]. The 
underlying fundamental theory, whose low energy limit is 11 dimensional SUGRA p], 
is unfortunately still poorly understood. 



M-Theory 



IID 



T-Duality on 

,10 




T-Duality on 

jl „w 
~J X R 




1 




IIA 




IIB 




SO(32) 




EsxEs 



lOD 




S-Duality 



Figure 1.1: Supersymmetric perturbative consistent string theories in 10 dimensions. 

As we can see from fig ll.ll the duality transformations relate the superstring theo- 
ries in nine and ten dimensions. T duality inverts the radius R of the circle 5^, along 
which a space direction is compactified, i? — > 4. In particular, this duality relates 
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the weak-coupling limit of a theory compactified on a space with large volume to the 
correspondent weak-coupling limit of another theory compactified on a small volume. 
S duality instead provides the quantum equivalence of two theories which are pertur- 
batively distinct. In fact, it inverts the string coupling —>■ The perturbative 
excitations of a theory are mapped to non-perturbative excitations of the dual theory 
and viceversa. Fig ll.ll summarises the relevant information of the perturbative string 
theories and their web of dualities. 

In order to make contact with the real world, the compactification of the six extra 
dimensions is needed. This procedure follows the Kaluza-Klein dimensional reduction of 
quantum field theory and is generalised to the case where a certain number of spacetime 
dimensions give rise to a compact manifold, invisible at low-energy [10llll| . Demanding 
four- dimensional = 1 supersymmetric models leads us to a special choice of inter- 
nal manifolds, the so-called Calabi-Yau manifolds [12]. Compactifications of this kind 
are characterised by some free parameters, the moduli, generally related to the size 
and shape of the extra dimensions. The low energy parameters often depend on these 
free values which spoil the predictivity of the theory. The moduli describe possible 
deformations of the theory and their continuous changes allow to go from one vacuum 
to another. So far, the problem of fixing the moduli has not been solved yet, since 
no fundamental principle is able to single out a unique physical vacuum. The study 
of Calabi-Yau manifolds is, unfortunately, fairly complicated since the computation of 
properties which are not of topological nature is very difficult. A simpler class of com- 
pact manifolds is given by the toroidal compactification, although the resulting theory is 
not chiral. Hence, combining the desirable pictures of Calabi-Yau manifolds and toroidal 
compactifications, we finally arrive to the orbifold construction. The orbifold seems to 
provide a simple framework for the realisation of = 1 supersymmetric models in four 
dimensions, with chiral particles in the spectrum. 

In this thesis we discuss two main compactification schemes which offer complemen- 
tary advantages in the understanding of semi-realistic heterotic string models. The first 
approach is the free fermionic construction, which is based on an algebraic method to 
build consistent string vacua directly in four dimensions. In the fermionic formalism all 
the worldsheet degrees of freedom, required to cancel the conformal anomaly, are given 
by free fermions on the string worldsheet. This set up offers a very convenient setting 
for experimentation of models, allowing a systematic classification of free fermion vacua 
and their phenomenological properties. Moreover, this set up provided the most semi- 
realistic models to date. On the other hand, the orbifold compactification, previously 
mentioned, leads to the analysis of other interesting features of heterotic models. For 
instance, the geometric picture provided by the orbifold construction may be instru- 
mental for examining other questions of interest, such as the dynamical stabilisation of 
the moduli fields and the moduli dependence of the Yukawa couplings. The correspon- 
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dence of free fermionic models [131 El US] to Z2 x Z2 orbifold compactification is a key 
point of this thesis. In fact, the phenomenologically appeahng properties of the free 
fermionic models and their relation to Z2 x Z2 orbifolds provide the clue that we might 
gain further insight into the properties of this class of quasi-realistic string compact- 
ifications by constructing Z2 x Z2 orbifolds on enhanced non-factorisable lattices (the 
point at which the internal dimensions are realised as free fermions on the worldsheet 
is a maximally symmetric point with an enhanced S0{12) lattice, which is in principle 
non-factorisable) . 

In this thesis we produced the following results. We presented two semi-realistic 
models in the free fermionic formulation with a reduced Higgs spectrum. The trunca- 
tion of the Higgs content is realised for the first time in this set up at the level of the 
string scale, by the assignment of asymmetric boundary conditions to the internal right- 
and left-moving fermions of the theory. Moreover, the analysis of flat directions, per- 
formed with the standard methods, leads to an unexpected result. The Fayet-Iliopoulos 
D-term which breaks supersymmetry perturbatively in our models is not compensate 
by the existence of D- and F- flat solutions, which would restore supersymmetry. The 
Bose-Fermi degeneracy of the spectrum implies that the models are supersymmetric at 
tree level. Thus, the models presented may provide a new interpretation of the super- 
symmetry breaking in string theory. In the framework of the orbifold construction, we 
built a Z2 X Z2 orbifold with a skewed 50(4)^ compactification lattice and analysed 
its spectrum and symmetry group. Our main goal initially was reproducing a three 
generation free fermionic model [16] with gauge symmetry Eq x x 50(8)^. Un- 

fortunately we could not obtain the wished features, not even after the introduction of 
Wilson lines. Nevertheless, several interesting properties are discussed concerning the 
compactification lattice and its possible tools to realise semi-realistic four dimensional 
models in the construction of orbifold models. Finally, we concluded this thesis with 
the construction of modular invariant partition functions for heterotic shift orbifolds. 
In this context we presented different examples of consistent vacua with the derivation 
of the full perturbative spectrum. In particular, we discussed the details of a Z2 x Z2 
shift orbifold model which contains some technical subtleties due to the elements of the 
orbifold group, and presented in detail its massless spectrum. 
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1.3 Organisation of the chapters 



The topics of this thesis are organised as follows. 

• Chapter 2 

A general introduction on the bosonic and fermionic string is presented in order 
to provide perturbative superstring constructions. A brief overview on the partition 
function which encodes the modular invariant properties of the theory is discussed. We 
explain the bosonization procedure necessary for the correspondence between fermionic 
and bosonic conformal field theories. We close the chapter with some generalities on 
the heterotic string, which will be analysed in great detail in the next chapters. 

• Chapter 3 

We present the main features of four- dimensional semi-realistic models in the free 
fermionic construction and show the advantages of using this compactification scheme. 
We fix the formalism to provide the consistency constraints and the model building rules 
for this framework and explain the general derivation of the spectrum. In the second 
part of the chapter we present two very peculiar examples of semi-realistic free fermionic 
models, where the reduction of the Higgs content is, for the first time, realised at the 
string scale. Moreover, the standard analysis of flat directions is in both cases unable to 
restore supersymmetry perturbatively, although the models are supersymmetric at the 
classical level. This point opens new interpretations for the supersymmetry breaking 
mechanism in string theory. 

• Chapter 4 

We start by introducing the heterotic string in its bosonic formulation, followed by 
the description of the toroidal compactification. We proceed by providing the generali- 
ties of orbifold constructions. The discussion of the spectrum is initially performed at 
an abstract level to find in the last part of the chapter a concrete application, in the 
case of a Z2 X Z2 orbifold with SO (4)^ compactification lattice. In our example we seize 
the opportunity to present the explicit derivation of the fixed tori for a non-factorisable 
lattice and investigate possible ways to control the number of families, for example by 
considering Wilson lines. 

• Chapter 5 

Some interesting examples of heterotic strings compactified on shift orbifolds are 
presented, providing the technical details on the derivation of Z2 and Z2 x Z2 orbifold 
partition functions. As an example is obtained, a consistent modular invariant string 
vacuum with no graviton. This model is in a way reminiscent of string vacua without 
gravity - "little string" models. 

• Chapter 6 

We conclude this thesis underlining the main aim of our research, the semi-realistic 
heterotic string constructions in different compactification schemes. We present the 
main results obtained and finally provide possible interesting outlooks. 
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Chapter 2 

Background notions on consistent 
perturbative superstring theories 

In this chapter we briefly present aspects of the perturbative formulation of string theory 
and introduce the necessary tools for the construction of semi-realistic four dimensional 
superstring models. The sources of the introductory part are given by [iTl UHl dH [20l 
EH [221 [231 [24]. 

We start by presenting the bosonic string, which is the simplest instance of a string 
theory. This two-dimensional conformal theory at the classical level is consistent only 
at the critical dimension D=26. In its low energy spectrum, provided by the massless 
excitation modes, the presence of a symmetric metric tensor g^y, the candidate of the 
graviton field, gives the main motivation for interpreting string theory as a quantum 
theory of gravity. Two main reasons make the bosonic string inadequate for a complete 
description of the fundamental interactions, such as the existence of tachyonic states, 
a sign of instability for the theory, and the absence of fermionic excitations in the 
perturbative spectrum. The solution to these problems leads to the introduction of the 
superstring, a superconformal theory with critical dimension D=10. After presenting 
the classical action for the bosonic and fermionic string, we will discuss the quantization 
procedure of the theory. The concepts of conformal invariance and modular invariance 
are explained in detail. We concisely mention how to calculate string interactions whilst 
giving a detailed overview on the partition function for the closed bosonic string, the 
torus amplitude, since this quantity represents one of the main topics treated in the 
following chapters [25l [26]. In the last section we introduce the concept of toroidal 
compactification which will be considered extensively in chapter 4, before the orbifold 
constructions of semirealistic models. In most cases we restrict our discussion to the 
closed strings since our target is the construction of the heterotic string. 



8 



2.1 Bosonic strings 



Strings are one dimensional finite objects whose propagation in a D dimensional space- 
time gives rise to a two dimensional worldsheet X^{a, t), n = 0, ..D — 1. In fig. I2.1l this 
surface is shown in both cases of free closed and free open strings. The worldsheet is 
parametrized by the two real independent coordinates, r and a, where the first variable 
is a time-like parameter while the second is space-like and belongs to the interval [0, vr] . 




(a) 




a = 



(h) 



Figure 2.1: a) closed string worldsheet. b)open string worldsheet. 

The physics of the strinj^ is described by the Polyakov action that, in a flat 
Minkowski D dimensional spacetime, assumes the form [27l [28] 



T 



(2.1) 
while (fa 



where T is the string tension, h"'^ is the worldsheet metric and h = det{h'^^ 
implies the equivalent notation a = {a^,a^) = (r, a). 

For a general background we can simply replace the flat metric rjf^y by g^y[X) and 
eq. (l2.1|) becomes the worldsheet action of D dimensional scalar fields X^^ coupled to the 
dynamical two-dimensional metric (theory of quantum gravity coupled to matter). 

The Polyakov action has three symmetries: 

1) Poincare invariance in the target space X^ . 

2) Local reparametrization invariance. 

3) Conformal (Weyl) invariance. 

^To be more precise, the simplest action which describes the motion of the string is the Nambu-Goto 
action, Sng ~ —T J (Pa^—'j, where 7 is the determinant of the induced metric on the worldsheet, 
7a/3 = daX^d/sX'^g^^. This action is proportional to the area swept from the worldsheet, thus it 
provides a more geometric and intuitive meaning of the string action. The Polyakov action, which 
supplies in a simpler way the equations of motion, is equivalent to the Nambu-Goto action and can be 
obtained by introducing the independent metric on the worldsheet h"''^ . 
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The last two properties are local symmetries which can be used to fix the worldsheet 
metric in the conformal gauge, ha/s = c'^^'^'^'^t/q,^, obtaining a flat metric up to a scaling 
function. The equations of motion (e.o.m.) for the bosonic fields X^^ and for the metric 
are obtained in the usual procedure, as the variation of the action with respect to 
each of these fields respectively. At this point it is convenient to introduce the two- 
dimensional stress tensor T^^ which provides the constraints for the string theory. We 
define Ta/3 (also known as energy-momentum tensor) as the variation of the Polyakov 
action with respect to the world-sheet metric 

T,^ = --1=-^ = d^X^dpX^ - ]^KphP'^d,X>^d,X„ (2.2) 

then the request that the energy-momentum tensor vanishes, 

T„/3 = 0, (2.3) 

corresponds exactly to the e.o.m. for h"^^ . This condition is called the Virasoro con- 
straint and represents a very important ingredient when considering the physical states 
of the model under consideration. The stress tensor is symmetric, traceless {Taa = 0), 
as consequence of the Weyl invariance and conserved. 

It is very convenient to rewrite the Virasoro conditions in the light-cone coordinates 
a~^=T + a,a~=T — cj, where d± = \{dr ± da). Then eq. (|2.3p would simply become 

T^- = \{d-Xf = Q- r++ = ^(9+X)2 = 0; T±^ = 0. (2.4) 

The equations of motion for the fields X^ take the form = 0, whose general 

solution can be written as the sum of a "right-moving" solution plus a "left-moving" 
solution, 

X'^(r, a) = X^(r - a) + X^r + a). (2.5) 

Together with the periodicity constraint X^{a., r) = X^((T-|-27r, r), eq. (l2.5p leads to the 
mode expansion 



Xlir + a) = i:r'^ + aV(r + a)+^y|^^i<e-2-(-+-), (2.6) 

where the Regge slope parameter a' is defined in terms of the string tension as a' = 
1/2'kT. From (12. 6|) we see that the classical motion of the string is described by the 
centre of mass position x^, the momentum and the oscillator modes. 

For later convenience we define the Virasoro operators as Fourier modes of the stress 
tensor, that in the right-moving sector become 
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The Virasoro operators satisfy the constraints = 0, Vn G Z and for the case n = 
we obtain the mass equation for the right oscillation modes, discussed in the following 
section. Moreover = \J^Pq- The correspondent left-moving expression Lm is given 

by the substitutions T 7++, a~ and the complex conjugate oscillators and 

similar conditions to the right sector hold in the left sector as well. 
Quantization of the bosonic string 

The oscillators, the centre of mass position and the momentum presented in eq. (|2.6l) 
satisfy the standard commutation relations, while the Virasoro operators form the so- 
called Virasoro algebra. In the covariant canonical quantization procedure the previous 
conditions are translated into the following commutators 

[Lm, Ln] = (m- n)Lm+n + —m{m^ - l)5m+n- (2.7) 

The other commutators between different combination of operators are zero. The Her- 
miticity of X'^ gives (on)^ = a'^n '■< (Q^n)^ = o^-n- ^ represents the central charge and 
for the bosonic string D = 'q'^'^ri^^. The same algebra holds for the left operator L^. 
From now on, when defining properties of operators in the right sector, we will assume 
implicitly that analogous relations hold in the left sector. In the quantization of a clas- 
sical system an ambiguity is introduced in the definition of the operators. This can 
be solved if we consider the corresponding normal-ordered expressions. In the case of 
the Virasoro operators the correct definition is given by Lm = l^^_oo • '^m-n^iJ.n ■■ 
The only term sensitive to normal ordering is Lq where a normal ordering constant a is 
introduced. 

In the covariant quantization we obtain states with negative norm which destroy the 
unitarity of the theory, but we can discharge those by imposing the following constraints 

Lm>o\phys) = , (Lo - a)\phys) = 0. (2.8) 

It has been shown that the subset of positive norm states exists only for D < 26 and 
a < 1 [29j. 

It is easier to solve the Virasoro constraints in the light-cone quantization (we have 
already defined the operators in terms of light-cone coordinates) where the states, ob- 
tained by solving the mass-shell equation, are always positive. But if unitarity is guar- 
anteed in this procedure, we will need to verify the Lorentz invariance, which is not 
manifest. We have already mentioned that for D = 26 and a = 1 Lorentz invariance 
is preserved. L> = 26 is thus a very special choice of spacetime dimensions, called the 
critical dimension of the bosonic string. 
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We use now a residual invariance, leftover after imposing the conformal gauge, which 
is a reparametrization invariance up to scaling, generally defined as 

0-+ ^ /(o-+) , a'_ f{a_). 

This invariance allows to fix the value of as follows, leading to the light cone gauge, 

X+ = x+ + la'p-^T. 

The light-cone coordinates are given by = ib X^^"^) / and by using the 
Virasoro constraints we can express X~ in terms of the transverse coordinates X*, 
where i takes values in the transverse directions. This means that we are left only with 
the transverse oscillators, while the light-cone ones are given by 

{ V : <_^a^ : -2a(5no}, 



/ J • ^n—m^m 



yP+<5nO, (2.9) 

and analogous expressions hold for . The Virasoro constraints in the light-cone gauge 
define the mass-shell condition for the physical states 

2p+p- = (Lo + Lo -— ) ; Lo = Lq. 2.10 

12 

In the first equation of (|2.10l) the Riemann C functiorcl C(~l) = —1/12 has been used, 
as a result of the divergent sums of zero-points energies due to the normal ordering a 
of Lq and Lq [30]. The second equation in (|2.10ll is the level matching condition, a 
relation which connects the left with the right excitation modes of the closed string. 
This constraint has to be imposed for the consistency of every closed string model and 
contains an important information concerning the physical states of the model, the right 
and the left modes provide the same contribution to the mass of the physical states. 
The masses of the string excitations are obtained by the contributions of the transverse 
momenta, which for the right sector are provided by the formula Lq = ^p^p^ + N. The 
mass operator is 

M^ = ^{N + N-^^) (2.11) 

and = ^ 

m>o o^-rn'Om- In the casc at hand D — 26, thus the first state obtained from 
eq. (l2.1ip is the ground state \p^), with N = N = 0. Its mass is given by = — 4a/a', 
where a takes the value 1 for consistency, as we said before. This state is the tachyon. 
The first excited state is the tensor a^_ia-'_i\p^) . If we decompose it into irreducible 
representations of the group 50(24) we obtain a symmetric tensor g^^, (a spin-2 particle, 
the graviton), the antisymmetric tensor iJ^i, and a scalar f, the dilaton. 

At the next level we obtain states which are organised in representations of 50(25) 
and which are massive. 



^The infinite sum due to the zero-point energy is calculated by a regularisation procedure introducing 
the Riemann ( function: (,{s) — JI^^i fc"". It provides the value of a in terms of the space-time 
dimension D, which is exactly a — -^^j^, as shown in formula l|2.1ip for C(— 1) — —1/12 \30\ . 
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2.2 Vertex operators and string interactions 



A local unitary quantum field theory has an operator-state correspondence which asso- 
ciates to each field a quantum state created from the vacuum. In string theory the same 
correspondence is realised by mapping the worldsheet cylinder to the complex plane. 



I phys> 



X = - 00 



'0<CT< 2n 





T 1 i T 












/ ' ' i 


^ ' 

' ^/ / 

\ /v, / 

\ / ^ ■ J. , 
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Figure 2.2: Mapping of the worldsheet cylinder into the complex plane. The dotted lines 
of constant r are concentric circles while the lines of constant o follow radial directions 
from the origin. 

In this context it is possible to build the so-called vertex operators which give rise 
to a spectrum generating algebra. By using this formalism, for instance, an incoming 
physical state \phys) in the infinite worldsheet past (r = — oo) is given by the insertion 
of a vertex operator V{z) at the origin z = 0, see fig. (|2.2p . 

In this thesis we will not go into further details concerning the vertex operators, but 
it is important to stress their role in the construction of string amplitudes and in the 
description of strings interactions. 

In quantum field theory the perturbative expansion of Feynman diagrams describes 
the interacting particles at well defined points. The worldline of particles in spacetime 
is described by propagators that meet in a vertex, singular point which is responsible 
for ultraviolet divergences in loop amplitudes. The string Polyakov perturbation theory 
is given by the sum of two-dimensional surfaces which correspond to the worldsheets. 
When considering all contributions of the infinite tower of massive particles of the string 
spectrum, the ultraviolet divergences of quantum gravity loop amplitudes cancel out. 
The reason why the non-renormalizability of quantum field theory is solved in string 
theory is because its interactions are described by smooth surfaces with no singular 
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points. The main consequence of this property is that string interactions are completely 
determined by the worldsheet topology. In oriented closed strings the perturbative 
expansion is given by only one contribution at each order of perturbation theory. This 
contribution corresponds to closed orientable Riemann surfaces with increasing number 
of handles h and the perturbative series is hence weighted hy gs^, where x is the Euler 
character, defined as x = 2 — 2h, while the string coupling Qs is dynamically determined 
by the vacuum expectation value of the dilaton field ip, Qs = e^'^^ . 

A generic string scattering amplitude is given by a path integral of the form 

A= f VKpVX^e-^'-fl f cPa.V^^, (2.12) 

J t=lJM 

where ha/3 is the metric on the worldsheet M, Sp is the Polyakov action and Va is the 
vertex operator that describes the emission or absorption of a closed string state of type 
Ui from the worldsheet. The conformal invariance reduces these expressions to integrals 
on non- equivalent worldsheets which are described by some complex parameters, the 
moduli. The amplitudes in eq. (|2.12p are then finite dimensional integrals over the 
moduli space of M. 

2.3 The superstring 

As we have mentioned at the beginning, the bosonic string suffers of two main problems: 
the absence of spacetime fermions (necessary for a realistic description of nature) and 
the presence of tachyons (sign of an incorrect identification of the vacuum). The solution 
to these problems leads us to the construction of the superstring. The new theory is 
constructed by the introduction of worldsheet supersymmetry, realised by including D 
two-dimensional Majorana fermions ^'^ = (^^, V'+), = 0, ..D — 1, on the worldsheet. 
These fields are vectors from the spacetime point of view but when combined with 
appropriate boundary conditions will provide spacetime fermions. In the following we 
will work in the RNS (Ramond-Nevew-Schwarz) formalism [HI [32], where the GSO 
(Gliozzi-Scherck-Olive) projections are introduced in order to obtain supersymmetry 
|33| . The generalised action St in the conformal gauge 



St = -^J d^a{daX^d"X^ - i^^p'^da^^) (2.13) 

is invariant under worldsheet global supersymmetric transformations 

6eX^' = eip^" , 5eV = -ip^daXf^e, 

with e constant spinor and p", a = 0, 1, Dirac matrices which can be chosen as follows 

o_/0 —i\ ^ 



/ ' ^ V i 
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In the light-cone coordinates the fermionic contribution of eq. (|2.13|) is simply 



^-d+ij^+7p+d_^+, (2.14) 

where the space-time index fi has been suppressed. 

The equations of motion are simply the Dirac equations c?±V't ~ ^- Their solutions 
are of the form ^p- = ip-{a+) and ■0+ = ''P+i^-), hence we can say that Tp- represents 
the right-moving field while ip^ is the left-moving one. The boundary conditions arise 
by requiring that 

(V+5V'++V'--5^-)l"=o =0. (2.15) 
Equation (I2.15P is satisfied if tp+ and ip- are periodic or anti-periodic 

V'+(o" + vr,r) = ±V'+(cr,T), 

ip'^{a + 7r,T) = ±'ip'^{a,T). (2.16) 

The periodic case is called Ramond (R) boundary condition while the anti-periodic is 
known as Neveu Schwarz (NS). The general solution in terms of mode expansion is given 
by 

=^6/fe-2^'^('^-), (2.17) 

r 

for the right-moving states and an analogous expression applies for the left-movers -0+ 
(by replacing cj_ by cj+ and br by 6r ). As a result of the boundary conditions, the 
frequency r is integer for R boundary conditions and half-integer for the NS case. 

The Ramond boundary conditions and the integer modes will describe string states 
that are spacetime fermions. In fact, if we consider the fundamental state 6q|0;p'^ >, we 
see that it is massless and degenerate, as Bq satisfies the Clifford algebra {60,^*0} = 
This means that the Ramond vacuum is a spinor of 50(8) and all the states obtained 
from the vacuum with the creation operators are fermionic as well. Instead the NS 
boundary conditions with the half-integer excitations give bosons. The fundamental 
state \0;p^ > has negative mass (tachyon) and is a scalar. The first excited massless 

state 6'_i|0;p^ > is a vector of SO {8) and all the states in this sector, created by 

2 

half-integer modes, provide bosons. 

Since the superstring is an extension of the bosonic case, it is necessary to enlarge 
the algebra which describes the theory. Thus, the classical Virasoro constraints are now 
generalised to 

J± = , 7±±=0, (2.18) 

where the supercurrents and the energy-momentum tensors are given in their light-cone 
gauge coordinates 
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Quantization of the superstring 

The quantization of the fermionic fields is obtained by imposing the anticommutation 
relations 

The anticommutator of left and right oscillators vanishes. For r < [r > 0) br denotes 
creation (annihilation) operators. The complete spectrum is provided by the action of 
the creation operators on the vacuum. 

The mass-shell condition in eq. (|2.11l) is now generalised by redefining N as the 
number of right bosonic plus right fermionic oscillators acting on the vacuum. Same 
redefinition applies to N. We have to take into account that fermions can assume R or 
NS boundary conditions and this will change the contribution to the zero point energy 
a. Each fermionic coordinate contributes with a —1/48 in the NS sector and 1/24 in the 
R sector, while each boson gives a contribution of —1/24. In D dimensions, if we are in 
the light-cone gauge, we have D — 2 transverse bosons and D — 2 transverse fermions 
which give a = in the Ramond sector while a = — 1/16(D — 2) in the Neveu-Schwarz. 

After quantizing the supersymmetric theory, the Virasoro constraints become 

[Lm, Ln] = (m - n)Lm+n + ^rn{nP - l)6m+n, 

o 

TTl 

[Lm^Gr] = {— r)Gm+rj 

{Gr,Gs} = 2Lr+s + j{r''-^)5r+s, (2.19) 

where the operators are defined by their normal ordered expressions 

T — T°-' T^' 
J-"m — "T ^rm 

1 X - , 



neZ+a 

= ^ : br-n -an--- (2.20) 

For completeness with respect to the bosonic case, we shall provide the light-cone quan- 
tization for the superstring case. The theory is ghost-free but not explicitly covariant, 
but we can assure Lorentz invariance if D = 10 and a = 1/2 [TZj. 

The gauge is fixed with the relation ip~^ = and X+ = a'p^r and since we are 
fixing the longitudinal oscillator modes, the only independent degrees of freedom are 
the transverse ones. 

A supersymmetric non-tachyonic theory is obtained when the spectrum is truncated 
by some GSO (Gliozzi, Scherk and Olive) projections [3^. We will explain this trun- 
cation separately in the NS and in the R sector. In the Neveu-Schwarz sector the GSO 
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projections Peso is defined by keeping states with an odd number of oscillator exci- 
tations and removing those with even number. We define below the projection operator 
in the NS sector and the fermion number, 

^ oo 

PSio = \{^-{-^r)^F= E ^-r-^r- 

■r=l/2 

Thus, the bosonic ground state is now massless and the spectrum no longer contains a 
tachyon (which has fermion number F = 0). In the Ramond sector, the fundamental 
state (a Majorana spinor) lives in the spinorial representation of 50(8), as mentioned 
before. If we introduce the projector operator 

pEso = \{1 + {-^Y'C^). 

where Tg = b^-b^ is the chiral operator in the transverse dimensions, then the fundamen- 
tal state becomes a Major ana- Weyl spinor of definite chirality. Pqso^ while projecting 
onto spinors of opposite chirality, guarantees spacetime supersymmetry of the physical 
superstring spectrum (we note that the choice of sign of (— l)^r9 = ±1, corresponding 
to different chirality projections on the spinors, is a matter of convention). 

The general procedure to obtain the massless spectrum is to solve the massless 
equations for right and left sector, apply level matching condition and the particular 
GSO projections depending on the perturbative superstring model considered, finally 
tensor the left with the right states. If we want to proceed with the explicit calculation of 
the spectrum we need to specify the string theory we want to analyse. Supersymmetric 
theories with only closed strings are type IIA, type IIB and heterotic models. For type 
IIA and type IIB (where supersymmetry is realised in the left and right sector), by 
taking the tensor products of right and left movers we get four distinct sectors: NS-NS, 
R-R, NS-R, RN-R, where the first two sets give bosons and the last two sectors provide 
fermion fields in the target space. The features and differences among these two models 
have been given in the introduction. In this thesis we are interested in the heterotic 
string hence we will focus on the technicalities concerning the heterotic case starting 
from section [231 

2.4 One loop amplitude and modular invariance 

The one loop vacuum amplitude, also known as genus-one partition function, represents 
a fundamental quantity of the theory since it encodes the full perturbative spectrum. 
Differently from quantum field theory, in the string theory this is a finite quantity 
that makes the theory modular invariant. The modular invariant constraints are in fact 
derived from the calculation of the one-loop vacuum amplitude. The Feynman diagram, 
which describes a closed string propagating in time and returning to its initial state, is 
a donut-shaped surface, equivalent to a two-dimensional torus. We can parametrize the 
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Figure 2.3: l)Torus diagram. 2)The flat torus as a two dimensional lattice, a and b 
represent the two non-contractible cycles of the Riemann surface. 

torus by a complex parameter r = ti + ir2 , T2 > 0. If we define in the complex plane 
a lattice by identifying z = z + 1 , z = z + t , then the torus is obtained by identifying 
the opposite sides of this parallelogram (see fig l2.3p . 

The full family of equivalent tori is obtained by the transformations 

S:t^-- , T-.T^T + l , (2.21) 
r 

that are the generators of the modular invariant group, whose most general transfor- 
mation is given by 

^ ^ ar + b ad-bc = l a,b,c,deZ. (2.22) 
CT + a 

The formula (I2.22P generates the modular group PSL{2,Z). The non-equivalent tori 
are contained in the so-called fundamental region 

T = C^/PSL{2,Z)={\t\ > 1, -i <ti < ^, r2 >0} 

(see fig l2.4p . Any point outside the modular domain can be mapped by a modular 
transformation inside J^. We calculate now the vacuum amplitude for the bosonic 



Im(T) 




_1 -ill 1/2 1 Re(T) 

Figure 2.4: Fundamental domain. 



string in analogy with the quantum field theory approach. In the case of a single scalar 
particle the vacuum energy F is defined by the path integral 

= j V<l)e~^, (2.23) 

where 5 is the action of the boson in D dimensions. If we want to make explicit the 
dependence of the integral on the particle mass M we can rewrite it in terms of the 
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Schwinger parameter t and eq. (l2.23p assumes the form 



where V is the volume of the spacetime and p the momentum of the particle. The 
parameter e is an ultraviolet cutoff that will disappear when we restrict the integration 
region to the fundamental region of the torus. If we calculate the Gaussian momentum 
integral and generalise formula (12.24p for bosonic and/or fermionic fields then we obtain 



,o,^»SiHe-'" I (2.25) 

where the Supertrace Str takes into account the Bose-Fermi statistics. 

Let us now consider the case of the bosonic string for which we want to derive the 
one-loop amplitude. For the bosonic theory we have D = 26 and = ^(Lq + Lo — 2). 
At this point we need to take into account the level matching condition that can be 
implemented by a constraint given in terms of a real variable s. Subsequently, we 
rearrange the t and s parameters in the new complex "Schwinger" parameter r = 
Ti + iT2 = s + i-^- Since the closed string sweeps a torus at one loop then we identify 
r as the Teichmuller parameter parametrizing the torus (see for example [25]). 

Defining q = e^*'^'^ and q = e"^*'^'^ and calculating the integral in the fundamental 
domain gives the partition function of the torus amplitude 

It ri tI' 

The same expression can be obtained by some geometric considerations. A point on 
the string propagates in the time direction as 27rr2 and in space as 27rri. The time 
translation is given by the Hamiltonian H = Lq + Lq — 2 and the shift along the string 
is given by the momentum operator P = Lq — Lq. The path integral is then 



T= I ^^trq^o-iqLo-i_ (2.26) 



r oc tr(e-2^^2//g2i7rriP) _ tr{q^°-^q^°-^) 



~ I ^2 ^12 Ur^^|48' (2-2'') 



The expansion of the operator Lq and the calculation of the trace will transform 
equation (I2.26P into 

dVj l_ 

r| rj^ |r?(r)h 

where the Dedekind ry function is defined in Appendix A, as well as its properties under 
modular transformations. Each bosonic mode then gives a contribution to the partition 
function equal to The integrand of eq. (l2.27p is modular invariant, as we can prove 
by using the formulae in Appendix A. 
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2.5 Spin structures 



When we consider the parallel transport properties of spinors on a two dimensional 
surface, for example on the torus, we need to introduce the so-called spin structures. 
They provide the fermionic contributions to the partition function and have to be defined 
in both Ramond and Neveu-Schwarz sectors. Some kind of GSO projections enter in 
the game to ensure the consistency of the theory. 

A fermion moving around the two non-contractible loops of the torus gives rise to 
four possible spin structures, indicated as following: A^'^~^\t), A^'^ ^(t), ^\t) and 
A^ '*(''")■ The first entry in the exponent represents the boundary condition in the 
direction while the second gives the boundary condition in time direction a^. The " +" 
and " — " signs label the Ramond and Nevew-Schwarz boundary conditions respectively. 
For brevity we focus our discussion on the spin structures of the right sector of the string. 

The NS sector provides states with anti-periodic boundary conditions in the a direc- 
tion and if we implement the periodicity in the time direction we will need to introduce 
the Klein operator (—1)^ in the trace. The fermionic contributions to the path integral 
are given, in the R and NS sector Hilbert space, by the following expressions 

) ~ rrjv5(e"^""^^) , ~Tr7vs((-l)^e"^""'^). (2.28) 

The modular transformations change the boundary conditions, thus it is possible to 
obtain a spin structure from another by applying T and S transformations. We note 
that A^~^^^ is modular invariant while for the other expressions the following relations 
hold A^'^ ) _5 A^ ^) A^ \ Each of these contributions is multiplied by a phase 
which can be derived by imposing modular invariance of the total partition function of 
the model under consideration. A detailed explanation on the derivation of the phases 
can be found in |20| . 

The one-loop modular invariant partition function for the right-moving sector is 
given by 

Z = ^Tr^5[(l - (-l)^)'?''""^] + lTrn[{l + (2.29) 

The total superstring amplitude is obtained by combining eq. (l2.29p with the left-moving 
fermionic contribution and multiply the whole expression by the bosonic part. 

If we calculate the traces in eqs. (12.28(1 we can rewrite the spin structures in terms 
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of the Jacobi ^-functions 



oo 

,n\8 



n=l 

oo 



n=l 

oo 

Ai—) = c?-V3-Q(l + gn+l/2)8 



9|(0|t) 



n=l 

oo 



r?4(r) 



^(-+) = g-l/3TT(i_gn-l/2)8^^4(0k)_ ^2.30) 
nil ^ 



Eq. (|2.29p corresponds to the famous Jacobi identity 

which tells us that the superstring amplitude vanishes. The meaning of the previous 
result is that the contribution of NS spacetime bosons and R fermions is the same 
(but the two contributions have opposite statistics). This is considered an indication of 
supersymmetry. The general definition of ^-functions as Gaussian sums and in prod- 
uct representations are given in Appendix A, along with their modular transformation 
properties. 

2.6 Partition functions of lOD superstrings 

In this section we present the partition function for the five perturbative superstring 
theories and the case of the heterotic Eg x Eg string with orbifold actions will be 
discussed widely in the chapter 5. A very convenient and compact way of writing the 
fermionic contributions (in the previous section they were given in terms of ^-functions) 
is by defining the characters 02n, V2n, S2n and C2n, representations of the S0{2n) group. 
Their general definitions and modular transformations are presented in Appendix A. 
Here we give as an example the characters of the little group 50(8) 



+ e\ fl4 
' 2t 



Ss = -^ , Cs="-^. (2.31) 



Each definition in eqs. (|2.3ip represents a conjugacy class of the S0{8) group, in par- 
ticular, Og is the scalar representation, Vs the vectorial, ^8 and Cg are spinors with 
opposite chirality. The characters and Og provide a decomposition of the NS sector, 
while the Cg and 5g give the R spectrum. We are finally ready to present the partition 
functions for the WD spectra of type II and type 

TllA = (Fg-Cg) 1(^8-^8)1, ToA = \Os\^ + \Vs\^ + C8\Ss\+Ss\Cs\, 

Tub = \V8-Ss\^ Tos = jOgp + 1^81' + ISgp + jCgp. (2.32) 
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The spectrum can be read by expanding the characters in powers of q and q, as indicated 
in Appendix B. 

For the heterotic case we need to introduce SO{16) and 5*0(32) characters in the 
partition function, in order to include the gauge degrees of freedom of the theory. The 
only two supersymmetric modular invariant heterotic models in 10 dimensions are those 
where the Eg x Eg and the Spin{2>2) symmetries are realised and their torus amplitude 
is respectively 



2.7 Bosonization 

In this section we present the equivalence between fermionic and bosonic conformal field 
theories in two dimensions, a correspondence which allows the consistent construction 
of free fermionic models. 

Before entering into the details we will give the definition of operator product ex- 
pansions (OPEs) in conformal theories in two dimensions. 

2.7.1 Product expansion operator 

In quantum field theory, the infinitesimal conformal transformations 



produce a variation of a field <I>(z,z) given by the equal time commutator with the 
conserved charge Q = §{dzT{z)e{z) + dzT{z)e{z)), where T and T are the stress- 
energy tensors in complex coordinates. The products of the operators is well defined 
only if time-ordered. The radial quantization introduced in section [2?2] is an example of 
the construction of a quantum theory of conformal fields on the complex plane. In this 
set up the time-ordered product is replaced by the so called radial-orderinjf], realised 
by the operator R. A complete treatment of the complex tensor analysis can be found 
in |231I24| . Here we only mention the main results which will be useful for our purpose. 

The commutator of an operator A with a spacial integral of an operator B corre- 
sponds to 




(y8-58)(Ol6 + 5l6)(Ol6 + 5i6) 
(Vs-Ss)i032 + S32). 



(2.33) 



z ^ z + e{z) 



z ^ z + e{z) 




(2.34) 



^The radial ordering operator R for two fields A and B is given by 




where a minus sign appears if we interchange two fermions. 
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This result leads [24] to the operator product expansions (OPEs) of the stress energy 
tensors T{z) and T{z) with the field ^{w,w) 

RiT{z)^w,w)) = , ^ ., ^ + ^—8^^ + ..., 
[z — W)"^ z — w 

Rifiz)^w,w)) = ._ + + 

[z — w)^ z — w 

(2.35) 

Eqs. (|2.35ll contain the conformal transformation properties of the field hence they 
can be used as a definition of primary fielcQ for $ with conformal weight {h,h). We 
observe that the above products are given by the expansion of poles (singularities that 
contribute to integrals of the type (I2.34p ) plus regular terms, which we can omit. From 
now on we assume that the operator product expansion is always radially ordered. 

2.7.2 Free bosons and free fermions 

We start by considering a massless free boson X{z, z), where we can split the holomor- 
phic and anti-holomorphic components into Xl{z) and Xr{z). For our purpose it is 
sufficient to consider the holomorphic part only. The propagator of the left component 
corresponds to < Xi{z)Xl{w) >= —log{z — w), which says that it is not a conformal 
field, but its derivative dXL{z) is a (1,0) conformal field. This is showed by taking the 
OPE with the stress tensor, that is defined as T = — ^ : dX'j^ :, and comparing with 
eq. (|2.35p one obtains 

T{z)dXL{w) ~ —^dXL{w) + -^d^XL{w) + ... . (2.36) 

[z — w)'^ z — w 

We now consider two Majorana-Weyl fermions ip^iz), i = 1,2, where a change of 
basis rearranges the fermions into the complex form 

V' = -^(V'+i^') , i^ = ^{^p' -iiJ^). 

The theory contains a U{1) current algebra (see following section) generated by the 
(1,0) current J{z) =: ipip :. The OPE for ipip and the holomorphic energy tensor are 
defined as 

i;iz)^Piw) = — , T{z) = I : ij{z)dij{z) : . (2.37) 

z — w 2 

If we calculate the product expansion T[z)il){w) with the above definitions, we see that 
V' is an afhne primary fielcfl of conformal weight (1/2,0). 



*Its definition is given in ^ . 

'The formal definition of primary field is the following: $ is primary of conformal weight {h,h) if it 
satisfies the transformation law ^{z, z) (§7) (M) ^ifi^)^ where h and h are real values. 
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We present the boson-fermion correspondence by showing that the same operator 
algebra is produced by two Majorana-Weyl fermions on one hand and a chiral boson on 
the other hand. In fact, in the fermionic case 

T{z) = 1 : J2 

formula that says that the stress tensor has central charge c = 1. We can produce the 
same operator algebra by using a single chiral boson X{z), whose current is provided 
by 

J{z) = idX{z), 

where is the stress-energy tensor T = — ^ : dX^ :, as presented at the beginning of the 
section. The definitions below thus contain explicitly the boson-fermion equivalence 

V; =: e''^(^) : , =: e'^^^^^ : . (2.38) 

Further details can be found in [T9l[24l[35] . 

2.8 The heterotic string 

The heterotic string [36] was constructed after the famous work of Green and Schwarz 
[37] had shown that the consistency of an = 1 supersymmetric string theory requires 
the presence of an Eg x or Spin{32) gauge symmetry. 10 dimensions supergravity 
with these gauge groups is free of gravitational and gauge anomalies. This observation 
fuelled an increased activity in heterotic models. Before this discovery, the standard 
procedure to introduce gauge groups in string theory consisted of attaching the Chan- 
Paton charges at the endpoints of open strings [38]. This prescription does not produce 
the exceptional Es x Es [391110], a non-abelian GUT gauge group which allows a more 
natural embedding of the Standard Model spectrum at low energy. 

In this section we describe the basics of the heterotic superstring, an orientable 
closed-string theory in ten dimensions with = 1 supersymmetry and with gauge 
group £"8 X Eq or Spin{32) / Z2 [17] • Its low-energy limit is supergravity coupled with 
Yang-Mills theory. This theory is an hybrid of the D = 10 fermionic string and the 
D = 26 bosonic string and the resulting spectrum is supersymmetric, tachyon free, 
Lorentz invariant and unitary. The absence of gauge and gravitational anomalies is 
obtained by the compactification of the extra sixteen bosonic coordinates on a maximal 
torus of determined radius. All these properties make the heterotic string one of the 
most appealing candidates for an unified field theory. 

Current algebra on the string worldsheet 

In heterotic models the gauge symmetries are introduced by distributing symmetry 
charges on the closed strings. These charges are not localised, so we obtain a continuous 
charge distribution throughout the string. A way to describe their currents is to intro- 
duce, on the worldsheet, fermions with internal quantum number, which are singlets 



24 



under the Lorentz group. If we take n real Majorana fermions A'^, a = l,..n, and we 
split them into right- and left-moving modes (A^), then we can write the bosonic action 
on the worldsheet, including the new internal symmetries, as 

S = -^ J d^a{^aX^^''X^' - A^5+A^ - A^a_A^). (2.39) 

The equivalence of bosons and fermions in two dimensions (see eq. (l2.38p ) allows us 
to convert two Majorana fermions on the worldsheet into a real boson. We can then 
obtain ^ bosons 0* in the place of n fermions A". With this substitution the theory 
contains D + n/2 free bosons and has a SO{D — 1, 1) Lorentz symmetry plus an internal 
SO{n) X SO{n) symmetry. Its consistency requires D + n/2 = 26, and in the case of 
a supersymmetric theory {D = 10) it means that n = 32. Let us go back to eq. (|2.39ll 
and consider for our purposes only a SO{n)ji symmetry. The right-fermion currents are 
given by 

W = ^TS,Xlia)X',ia). (2.40) 

The T" generators satisfy the algebra [T",T^] = if°^P'yT"' and this relation fixes the 
commutation relation for the currents 

[JX{a), Jlia')] = zr^^Jlia)6ia - a') + ^<5°^<5'(a - a'). (2.41) 

The previous formula describes the affine Lie algebra SO{n) with central extension 
represented by the second term (anomaly contribution). If this algebra is built up from 
n fermions in the fundamental representation of SO{n) then k = 1. If the fermions are 
not in the fundamental representation we would obtain a different (quantized) value of 
k. We are interested in obtaining the extended algebra for the exceptional group 
but it turns out that the task is unrealisable in terms of free fermions with a minimal 
value of k. It has been shown |T7j that this realisation is possible by using eight free 
bosons. 

We are now ready to describe the heterotic string as it was first formulated by Gross, 
Harvey, Martinec and Rohm. As we said already, the left moving modes are described 
in a bosonic string theory (D=26) while the right movers are supersymmetric (D=10). 
Specific GSO projections ensure supersymmetry for our model. The gauge degrees of 
freedom are included in the left sector with an appropriate current algebra. 

The general action of this theory is 




(2.42) 



We observe here that the spacetime fermions have only right-moving components, 
superpartners of X^. The content therefore differs from the type IIB, where supersym- 
metry is realised in both left and right sectors. The left-moving sector contains the 
space-time fields X'^ and the internal Majorana fermions A" . 
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If the boundary conditions for A" are all the same, we obtain the Spin{32) heterotic 
theory; choosing different boundary conditions for the internal fermions will provide the 
Eg X Eg heterotic string. In this thesis we want to analyse the second possibility. It can 
be shown that the two theories are continuously related [41]. In fact an equal number 
of states at every mass level appear in the two heterotic string theories. 

The £"8 X £"8 heterotic theory is obtained when we split the internal fermions into 
two groups and assign different boundary conditions to each set. In this case the gauge 
group would be SO{n) x 50 (32 — n). The interesting case for us is when n is a multiple 
of 8 and in particular n = 16. The massless left-moving states are of the form 

X\/^X{^^\n> i,j = l,..32. 

These combinations give rise to the vector and the adjoint representations for each 
50(16) present in the current algebra of the theory. We also obtain the spinorial 
representation of 50(16). The introduction of appropriate GSO projections produces 
the final content given by the adjoint and the spinorial representations of 50(16). This 
sum enhances the Lie algebra of 50( 16) to the exceptional group £"8- Since we started 
with an 50( 16) x 50( 16) symmetry we conclude that the enlarged current algebra 
obtained is Eg x Eg. In the next section we consider the toroidal compactification, 
fundamental in the description of the bosonic formalism. 

2.9 Toroidal compactifications 

The current algebra can be realised in the bosonic formulation by introducing a toroidal 
compactification. We can start with a bosonic theory in 26 dimensions and compactify 
one dimension on a circle. In this simple case we only get one toroidal boson while if 
the compactification includes d of these bosons the space-time is reduced from 26 to 
2G — d dimensions. 

In this section we describes the simple compactification on a circle, leaving the expla- 
nation on how gauge groups are created in this setup for the case of higher dimensional 
compactifications in chapter 4. 

The coordinate compactified on the circle satisfies the condition x = x + InRn. 
R is the radius of the circle and n an integer which defines the winding number, a 
quantity that gives the number of times the string wraps around the circle. The winding 
represents a stringy new feature which arises in the compactification procedure. 

The general expansion for the compact boson becomes 

X = x + 2a— T + 2nR(T + {oscillators). (2.43) 
R 

The expression (|2.43l) can be rewritten in terms of the chiral components pL and pR of 
the compact coordinate as 

Xl,r = \^ + a'pL,R{T =F 0-) + {oscillator s)l,r, (2.44) 
26 



where the chiral momenta are defined as 

m nR 

PL.K=j^±^. (2.45) 

The invariance under x — > x + lirR requires m to be integer. The presence of a n 7^ 
describes a soliton state that does not exist in the uncompactified theory, since its energy 
would diverge for i? ^ 00. This means that the spectrum of a compactified theory can 
in general be larger than the non compact corresponding case. When a non-compact 
boson is compactified, its contribution to the partition function becomes a discrete sum, 
given below 

-j^^y- = . (2.46) 

We can underline here the presence of a symmetry which relates m and n quantum 
numbers, the so-called T-duality, one of the symmetries relating the five perturbative 
string models [421 l43j . 

n^m a'/R. (2.47) 

The previous formula tells us that the closed bosonic string compactified on a radius 
R is equivalent to the theory with radius a'/R. T duality is an exact symmetry of the 
perturbative theory for the closed bosonic string and it relates type OA with type OB, 
type IIA with type IIB, as mentioned in the introduction. As we announced before, 
the generalisation to higher dimensional tori will be considered in chapter 4. We will 
introduce the compactification on a 16 dimensional tori that leads to the Eg x Eg 
symmetry, as expected. 
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Chapter 3 

Free Fermionic Models 



In this chapter we describe the free fermionic formulation of the heterotic superstring 
and mainly focus on a subset of these models which are called semi-realistic free fermionic 
models. Moreover, we provide some indicative examples among this class of string com- 
pactifications, whose results are published in [44l [45] . 

In the first part of our discussion we will describe the consistency rules necessary 
for the construction of the theory. The interested reader can find further details in the 
original papers [461 [47l [481 l49l [50] . 

In the second part of this chapter we present some examples of semi-realistic mod- 
els in the free fermionic formulation produced in the past, in which the only Standard 
Model charged states are the MSSM states [5TJ[52]. Therefore we revisit some of their 
properties. The presence of three Higgs doublets in the untwisted spectrum is another 
feature of semi-realistic free fermionic models and the general procedure to reduce them 
to one pair is given by the analysis of the supersymmetric flat directions. This method 
consists in giving heavy masses to some of the Higgs doublets in the low energy field 
theory [53l[54]. The two models largely discussed in this chapter introduce instead a 
new mechanism that achieves the same reduction by an appropriate choice of boundary 
conditions, in particular, asymmetric boundary conditions among left and right internal 
fermions. An additional effect related to this choice is the reduction of the supersym- 
metric moduli space. The procedure, explained in detail later on, represents a selection 
mechanism useful to pick phenomenologically interesting string vacua. We will present 
some generalities on the analysis of flat directions and introduce the concept of strin- 
gent flat directions, since this will allow the investigation of the low energy properties 
of free fermionic models. The flat direction analysis is needed because of an anomalous 
C/(l) which generally appears in this set up. Its presence gives rise to a Fayet-Illiopulos 
D-term which breaks supersymmetry but, by looking at supersymmetric flat directions 
and imposing F and D flatness on the vacuum, supersymmetry can be restored. In 
the last example presented in this chapter an extensive search could not provide any 
flat solution, raising the question on the perturbatively broken supersymmetry. At the 
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tree level the Bose- Fermi degeneracy of the spectrum implies that the theory is instead 
supersymmetric, yielding a vanishing cosmological constant. Therefore, this uncon- 
ventional result may lead to an interesting new interpretation of the supersymmetry 
breaking mechanism in string theory. 

3.1 The free fermionic formulation 

In contrast with the ten dimensional superstrings, where the compactification of the 
"extra-dimensions" is needed to reduce the spacetime to four dimensions, the free 
fermionic formulation provides directly a four-dimensional theory with a certain number 
of internal degrees of freedom. In fact, an internal sector of two-dimensional conformal 
field theories is required in order to fulfil 

• conformal invariance, 

• worldsheet supersymmetry, 

• modular invariance. 

In this approach all internal degrees of freedom are fermionised, thus producing world- 
sheet fermions. Requiring anomaly cancellation fixes the number of fields in the left 
and right sector, obtaining 18 left-moving Majorana fermions x", {cl = 1, ..18), and 44 
right-moving Majorana fermions (/ = 1,..44). The spacetime is described by the 
left-moving coordinates {X^,il)^) and the right-moving bosons . Since the heterotic 
string is = 1 spacetime supersymmetric (we choose here a different convention w.r.t. 
the bosonic approach by fixing the supersymmetry in the left sector), then we require 
left-moving local supersymmetry. This is realised non-linearly [47] among all the fields 
in the left sector, spacetime and internal ones, by the supercurrent 

r^ = V'^9x^ + /afecxVx^ (3.1) 

where fabc are the structure constants of a semi-simple Lie group G of dimension 18. 
The transform in the adjoint representation of G. In [55] it is shown that = 1 
spacetime supersymmetry can be obtained in four dimensions when the Lie algebra 
G = SU{2)^. In this case it is convenient to group the x"' into six triplets (x*, y*, tt;*), 
{i = 1,..6). Each of them transforms as the adjoint representation of SU{2). So 
far we have ensured superconformal invariance of the theory. We still need to verify its 
modular invariance to get a consistent theory. The target is achieved by investigating the 
properties of the partition function. In this prescription, a modular invariant partition 
function must be the sum over all different boundary conditions for the worldsheet 
fermions, with appropriate weights. For a genus-^ worldsheet S^, fermions moving 
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around a non trivial loop a E 7ri($]g) transform as 

X'^ - i,(a)?x', (3.2) 

where the first transformation refers to the right-moving fields, L'^a'^^h'^'gc'fabc = 
—Safa'b'c' and 6a = ±1- The spin structure of each fermion is a representation of 
the first homotopy group 7ri(Sg) [56]. The transformations (|3.2p ensure the invari- 
ance of the supercurrent. We need to require the orthogonality of Rg{a) to leave the 
energy-tensor invariant in the right sector. In order to keep the theory tractable, com- 
mutativity of the boundary conditions has been assumed [46], implying the following 
restrictions on Lg{a) and Rg{a): they have to be abelian matrix representations of 
7ri(Sg); it is assumed commutativity between the boundary conditions on surfaces of 
different genus. The previous constraints allow the diagonalization of the matrices R{a) 
and L{a), simplifying the equations (13. 2|) into 

/ - -e*™^^) /, (3.3) 

where / is any fermion (V'^, x") and a{f) is the phase acquired by / when moving 
around the non contractible loop a. 

Thus, the spin structure for a non contractible loop can be expressed as a vector 

a = {«(/[),. .a(/D;a(/f),..a(4^0}, (3-4) 

where a{f^) is the phase for a real fermion while a(/'^) corresponds to a complex 
one. By convention, a(/) G (—1,1]. Obviously for the complex conjugate fermion 
a{f*) G [-1,1)- We set the notation 
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1 if a{^p^') = 
-1 if ajV'^') = 1 



where, according to eq. (|3.3p . the entry 1 represents a periodic boundary condition and 
is the anti-periodic boundary condition. Since there are 2g non-contractible loops for 
a genus g Riemann surface, we have to specify two sets of phases ai,..ag, to 
obtain the full partition function. In its general form it can be written as 



genus i,j=l 



(3, I \p. 



where z ^ ^* J can be expressed in terms of ^-functions. The modular invariance 
imposes constraints onto the coefficients c ( ^* ) . It was shown [57] that modular 
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invariance and unitarity imply that these coefficients for higher genus surfaces factorise 
into the form 

f ai, ..ag \ ag\ 

For this reason it is sufficient to consider only the one-loop coefficients. 
3.1.1 Model building rules and physical spectrum 

In the free fermionic framework, the construction of consistent string vacua in four 
dimensions is achieved by applying two sets of rules, namely, the constraints for the 
boundary condition vectors (we restrict to the case of rational spin structure [46|) and 
the rules for the one-loop phases. 

A set of consistent boundary condition vectors form an additive group 

E ~ ... ^ATfe, 

generated by the basis B = {bi, ..6^}, where each bi is in the form of eq. (l3.4p . 
This basis has to satisfy the following conditions 

• J2 ^ibi = <^=^ nii = O(mod Ni), Vi, 

• Nijbi • bj = Omod 4, 

• Nibi • bi = Omod 8, 
. 6i = 1, 

• the number of periodic real fermions must be even in each bi, 

where Ni is the smallest integer for which Nibi = 0(mod2) and Nij is the least common 
multiplier between Ni and Nj. The inner Lorentz product is defined by 

^^■^^ = {l E + E 4 2: - E 

I real left complex left real right complex right J 

For a consistent basis B there are several different modular invariant choices of phases, 
each one leading to a consistent string theory. The phases under consideration have to 
satisfy the requirements, which provide the second group of constraints below 
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where 1 < < A'^ and 1 < rrii < Ni. Moreover, there is some freedom for the phase 

f bl \ '^rfti-fci / \ f Oi \ 

c I ^ 1 = ±e 4 ^ while by convention c ( ^ I = 1 and c ( ^ I = 5a, condition 
which assures the presence of the graviton in the spectrum. 

If we indicate b}0ct a generic sector in H, the corresponding Hilbert space Ha con- 
tributes to the partition function of the model. We adopt the notation a = {aL|a/j} 
to separate the left and the right phases. The states in Ha have to satisfy the Virasoro 
conditions and the level matching condition, that, in our formulation, appear as 

Ml = -l + ^ + N, = -l + ^ + Nn = Ml, (3.6) 

where Nl and Nr are respectively the total left and the total right oscillator number 
acting on the vacuum \0>a- The frequencies are given respectively for a fermion / and 
its conjugate /* by 

! + «(/) !-«(/) 

The physical states contributing to the partition function are those satisfying the GSO 
conditions ^ 

e'^''-^-\s>a=dac(^ « ^ |5>^^ (3 7) 

where \s >a is a generic state in the sector a, given by bosonic and fermionic oscillators 
acting on the vacuum. The operator (6j • -Fa) is given by 



bi-Fa = {^-Y.}h{f)Faif), (3.8) 



left right 

where F is the fermion number operator. F gets the following values 



F{f) 



1 ^ for / 
-1 for /*. 



If the sector a contains periodic fermions, then the vacuum is degenerate and transforms 
in the representation of a SO{2n) Clifford algebra. Hence, if / is such a periodic fermion, 
it will be indicated as |± > and F assumes the value below 



for 1+ > 

> for I — > 



The U{1) charges for the physical states correspond to the currents /*/ and are calcu- 
lated by the following expression 

Q{f) = \a{f) + F{f). 



^The notation can seem confusing since we indicate by a a generic boundary condition vector and 
at the same time the generic sector in the Hilbert space. We assure that from the context it is always 
clear to understand which quantity we are referring to. 
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3.1.2 Construction of semi-realistic models 

The construction of semi-realistic free fermionic models is related to a particular choice 
of boundary condition basis vectors and the general procedure of the construction is 
based on two principal steps. The first stage is considering the NAHE (Nanopoulos- 
Antoniadis-Hagelin-Ellis) set [58l EH EO] of boundary condition basis vectors B = 
{1,5,61,62,^3}, which corresponds to Z2 x Z2 compactification with the standard em- 
bedding of the gauge connection [131 EI]. The basis B is explicitly given below 

63 = {v^l'^/•^^l'••^|^l'■■^^l'■■^^n, (3.9) 

where the notation means that only periodic fermions are listed in the vectors. The 
left-moving internal coordinates are fermionised by the relation e*^' = l/\/2(y* + iw^), 
as explained in section [221 and a similar prescription holds for the right-moving internal 
coordinates. The superpartners of the left-moving bosons are indicated by x*- The 
extra 16 degrees of freedom ^i' -5 ^^1,2,3^ ^i,..8 complex fermions. The GSO one-loop 
phases for the NAHE set are given below 

"{b,)=-^^ ^5)=^' ''{l!s)=-^- 

The gauge group induced by the NAHE set is 50(10) x 50(6)^ x £^8 and iV = 1 
supersymmetry. The spacetime vector bosons generating the symmetry group arise in 
the Neveu-Schwarz sector and in the sector ^2 = 1 + 61 -|- 62 -|- 63. In particular, the 
^i,..5 g^j^g responsible for the 50(10) symmetry, the c^^'' ® generate the hidden Es and 
the internal fermions {y^' "'^,^^}, {y^ , y'^ , Co^ , Co^ , f]'^} , {w^'"' r/^} generate the three 
horizontal S0(6) symmetries. In the untwisted sector we note the presence of states in 
the 10 vectorial representation of 50(10), that represent the best candidates for the 
Higgs doublets. The three twisted sectors 61,62 and 63 produce 48 multiplets in the 16 
representation of 50(10), which carry 50(6)^ charges but are singlets under the hidden 
gauge group. 

In the second stage of the construction we consider additional basis vectors (generally 
indicated by a, f3, 7) which reduce the number of generations to three and simultane- 
ously break the four dimensional gauge group. This breaking is implemented by the 
assignment of boundary conditions, in the new vectors, corresponding to the generators 
of the subgroup considered. For instance, the breaking of 50(10) is due to the bound- 
ary conditions of -i/S^' -^ in a, /3,7, which can provide SU{5) x U{1) [62], 50(6) x 50(4) 
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[63], SU{3) X SU{2) X U{1)^ gauge groups [Ml EH ESI [53] . Further attempts in the con- 
struction of reahstic models can be found in [HUET]. The 50(6)^ symmetries are also 
broken to flavour U{1) symmetries. The worldsheet currents T/*f^*, i = 1,2,3, produce 
U{1) charges in the visible sector and further C/(l)" symmetries arise by the pairing of 
real fermions among the right internal sector. If a left moving real fermion is paired with 
a right real fermion then the right gauge group has rank reduced by one. The pairing of 
the left and right movers is a key point in the phenomenology of free fermionic models, 
for example it is strictly related to the reduction of the untwisted Higgs states, as we 
will discuss widely in the following. 

The correspondence of the free fermionic models with the orbifold construction is il- 
lustrated by extending the NAHE set, {1, S, 6i, 62, ^s}, by at least one additional bound- 
ary condition basis vector [131 El US] 

6 = {V5''-'',^'''''}- (3.10) 

With a suitable choice of the GSO projection coefficients the model possesses an S0(4)^ x 
Eg X U(l)^ X Eg gauge group and = 1 space-time supersymmetry. The matter fields 
include 24 generations in the 27 representation of Eg, eight from each of the sectors 
61 © 61 + 5 62 © ^2 + ^1 and 63 © 63 -|- ^1 . Three additional 27 and 27 pairs are obtained 
from the Neveu-Schwarz © ^1 sector. 

To construct the model in the orbifold formulation one starts with the compactifi- 
cation on a torus with nontrivial background fields [68l[69]- The subset of basis vectors 



{1,5,6,6}, (3.11) 

where 6 = {0^' '^}, generates a toroidally-compactified model with = 4 spacetime 
supersymmetry and S0(12) x Eg x Eg gauge group. The same model is obtained in the 
geometric (bosonic) language by tuning the background fields to the values correspond- 
ing to the S0(12) lattice. The metric of the six-dimensional compactified manifold is 
then the Cartan matrix of S0(12), while the antisymmetric tensor is given by 



bij 



9ij 




-9ij 



i > j, 

i = j, (3.12) 
i < j. 



When all the radii of the six-dimensional compactified manifold are fixed at Rj = \/2, 
it is seen that the left- and right-moving momenta 

Pii = [mi - \{B,,±G,,)n,\4* (3.13) 

reproduce the massless root vectors in the lattice of S0(12). Here e* = {ef} are six 
linearly-independent vielbeins normalised so that (e^)^ = 2. The ef* are dual to the Cj, 
with e* ■ Cj = 6ij. 
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Adding the two basis vectors bi and ^2 to the set (|3.11|) corresponds to the Z2 x 
Z2 orbifold model with standard embedding. Starting from the A'^ = 4 model with 
S0(12) X Eg X Eg symmetry, and applying the Z2 x Z2 twist on the internal coordinates, 
reproduces the spectrum of the free-fermion model with the six-dimensional basis set 
{l,5',Ci,6,^i,&2} [IHllIlllIl]. The Euler characteristic of this model is 48 with /ill = 27 
and /121 = 3. 

It is noted that the effect of the additional basis vector ^1 of eq. (|3.1QI) is to separate 
the gauge degrees of freedom, spanned by the world-sheet fermions {ip^'"' 77^'^'^, cj)^'"' '^}, 
from the internal compactified degrees of freedom {y,iv\y,Ld}^'"''^. In the realistic free 
fermionic models this is achieved by the vector 27 [HlllUdl], with 



which breaks the Eg x Eg symmetry to S0(16) x S0(16). The Z2 x Z2 twist induced 
by bi and 62 breaks the gauge symmetry to 80(4)^ x SO(IO) x U(l)^ x S0(16). The 
orbifold still yields a model with 24 generations, eight from each twisted sector, but now 
the generations are in the chiral 16 representation of SO(IO), rather than in the 27 of 
Eg. The same model can be realised [70] with the set {1, 5, ^1, ^2, ^2}, by projecting 
out the 16 ® 16 from the ^i-sector taking 



This choice also projects out the massless vector bosons in the 128 of S0(16) in the 
hidden-sector Eg gauge group, thereby breaking the Eg x Eg symmetry to SO(IO) x 
U(l) X S0(16). We can define two = 4 models generated by the set (ISTTT]) . Z+ 
and Z_, depending on the sign in eq. (|3.15p . The first, say Z+, produces the Eg x Eg 
model, whereas the second, say Z_, produces the S0(16) x S0(16) model. However, 
the Z2 X Z2 twist acts identically in the two models, and their physical characteristics 
differ only due to the discrete torsion eq. (|3.15ll . 

The free fermionic formalism provides useful means to classify and analyse Z2 x Z2 
heterotic orbifolds at special points in the moduli space. The drawbacks of this approach 
is that the geometric view of the underlying compactifications is lost. On the other hand, 
the geometric picture may be instrumental for examining other questions of interest, 
such as the dynamical stabilisation of the moduli fields and the moduli dependence of 
the Yukawa couplings. In chapter 4 we will analyse Z2 x Z2 orbifolds on non-factorisable 
toroidal manifolds. 

Once we extract the massless spectrum of a particular free fermion model, the next 
step is the analysis of its superpotential. We postpone the explanation of this topic 
since it will be treated in the next sections. Further details concerning the construction 
of free fermionic models carried on step by step can be found in [71| . 



27 = {v; 



} 



(3.14) 




(3.15) 
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3.2 Minimal Standard Heterotic String Models 



After providing the main tools on the construction of the theory, we would like to revisit 
some of the properties of semi-realistic Standard Model-like free fermionic models. One 
of their remarkable successes has been the fact that they can accommodate the right 
top quark mass [72l [73l [TU [75]. The models offered an explanation why only the top 
quark mass is characterised by the electroweak scale, whereas the masses of the lighter 
quarks and leptons are suppressed [Ml ESJ [77l [78]. The reason is that only the top 
quark Yukawa coupling is obtained at the cubic level of the superpotential, whereas the 
Yukawa couplings of the lighter quarks and leptons are obtained from nonrenormaliz- 
able terms which are suppressed relative to the leading order term. As we explained 
before, the three generations arise from the three twisted sectors, whereas the Higgs 
doublets, to which they couple in leading order, arise from the untwisted sector. At 
leading order each twisted generation couples to a separate pair of untwisted Higgs 
doublets. Analysis of supersymmetric flat directions implied that at low energies only 
one pair of Higgs doublets remains light and other Higgs doublets obtain heavy mass 
from VEVs of Standard Model singlet fields. Hence, in the low energy effective field 
theory, only the coupling of the twisted generation that couples to the light Higgs re- 
mains at leading order. The consequence is that only the top quark mass is obtained 
at leading order, whereas the masses of the remaining quarks and leptons are obtained 
at subleading orders. Evolution of the calculated Yukawa couplings from the string to 
electroweak scale then yields a prediction for the top quark mass. The analysis of the 
top quark mass therefore relies on the analysis of supersymmetric flat directions and 
the decoupling of the additional untwisted electroweak Higgs doublets, that couple to 
the twisted generations at leading order. In the examples presented in the following 
an alternative construction is given, where only one pair of untwisted Higgs doublets 
remains in the massless spectrum after the application of the Generalised GSO (GGSO) 
projections. Therefore, the massless string spectrum contains a single electroweak Higgs 
doublet pair, without relying on analysis of supersymmetric flat directions in the effec- 
tive low energy field theory. Although the Higgs reduction is obtained by applying the 
new procedure, the flat direction analysis is still necessary to investigate the supersym- 
metric properties of the model. The existence of an "anomalous" U{1) symmetry is 
a common feature of free fermionic models [79]. The anomalous U{1)a is broken by 
the Green-Schwarz-Dine-Seiberg-Witten mechanism |80j in which a potentially large 
Fayet-Iliopoulos -D-term ^ is generated by the VEV of the dilaton field. Such a D- 
term would, in general, break supersymmetry, unless there is a direction (/> = X] 
in the scalar potential for which X^<3^|aiP is of opposite sign to ^ and that is D-flat 
with respect to all the non-anomalous gauge symmetries, as well as F-flat. If such a 
direction exists, it will acquire a VEV, cancelling the Fayet-Iliopoulos .^-term, restoring 
supersymmetry and stabilising the vacuum. The set of D- and F-flat constraints is 
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given by 



{Da) = {D^) = ; {F, 



dW 



)=0 



(3.16) 



dr]i 



Da= [KA + Y.QA\Xk\^+^ 
Da = ka + X]<3alXfc|^j , C 



A 



(3.17) 



(3.18) 




(3.19) 



where Xk are the fields which acquire VEVs of order y^, while the -fC-terms contain fields 
like squarks, sleptons and Higgs bosons whose VEVs vanish at this scale. Q\ and 
denote the anomalous and non-anomalous charges, and Mpi 2 x 10^^ GeV denotes the 
reduced Planck mass. The solution {i.e. the choice of fields with non-vanishing VEVs) 
to the set of eqs. (|3.16p - (l3.18p . though nontrivial, is not unique. Therefore in a typical 
model there exist a moduli space of solutions to the F and D flatness constraints, which 
are supersymmetric and degenerate in energy [8l]. Much of the study of the superstring 
models phenomenology (as well as non-string supersymmetric models) involves the 
analysis and classification of these flat directions. The methods for this analysis in 
string models have been systematised in [821 [831 [54l [84l [79] , 

In general it has been assumed in the past that in a given string model there should 
exist a supersymmetric solution to the F and D flatness constraints. The simpler type 
of solutions utilise only fields that are singlets of all the non-Abelian groups in a given 
model (type I solutions). More involved solutions (type II solutions), that utilise also 
non-abelian fields, have also been considered [79], as well as inclusion of non-abelian 
fields in systematic methods of analysis [79]. The general expectation that a given 
model admits a supersymmetric solution arises from analysis of supersymmetric point 
quantum field theories. In these cases it is known that if supersymmetry is preserved 
at the classical level, then there exist index theorems that forbid supersymmetry break- 
ing at the perturbative quantum level [85]. Therefore in point quantum field theories 
supersymmetry breaking may only be induced by non-perturbative effects [86] . 

In the model of table 13.231 the reduction of the Higgs states is obtained by impos- 
ing asymmetric boundary conditions in a boundary condition basis vector that does 
not break the 50(10) symmetry. Another consequence of the Higgs reduction mech- 
anism is the simultaneous projection of untwisted 50(10) singlet fields, provoking a 
vast reduction of the moduli space of supersymmetric flat solutions. The model under 
investigation does not contain supersymmetric flat directions that do not break some of 
the Standard Model symmetries. Thus, by continuing the search of semirealistic models 
with reduced Higgs spectrum we are lead to the second model proposed in table 13.351 
where the Higgs reduction mechanism utilises boundary conditions that are both sym- 
metric and asymmetric in the basis vectors that break 50(10) to 50(6) x 50(4), with 
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respect to two of the twisted sectors of the Z2 x Z2 orbifold. The consequence is that 
two of the untwisted Higgs multiplets, associated with two of the twisted sectors, are 
projected entirely from the massless spectrum. As a result, the string model contains a 
single pair of untwisted electroweak Higgs doublets. 

In the process of seeking supersymmetric flat direction, we arrive to the unexpected 
conclusion that the model may not contain any supersymmetric flat directions at all. In 
the least, this model appears to have no D-Qat directions that can be proved to be F-flat 
to all order, other than through order-by-order analysis. That is, there does not appear 
to be any D-flat directions with stringent F-flatness (as defined in [83 [88]). In the 
analysis of the flat directions we include all the fields in the string model, i.e. Standard 
Model singlet states as well as Standard Model charged states. The model therefore 
does not contain a D-flat direction that is also stringently F-flat to all order of non- 
renormalizable terms. The model may of course still admit non-stringent flat directions 
that rely on cancellations between superpotential terms. However, past experience 
suggests that non-stringent flat directions can only hold order by order, and are not 
maintained to all orders [66] • We therefore speculate that in this case supersymmetry 
is not exact, but is in general broken at some order. If this finding remains true after 
the entire parameter space of possible all-order non-stringent flat directions has been 
examined, we must ask what are the implications. If a model without all-order F-flatness 
were to be found, then supersymmetry would remain broken by the Fayet-Iliopoulos 
term at a finite order, which is generated at the one-loop level in string perturbation 
theory, rather than be cancelled by a D-Qat direction with anomalous charge. If so, 
then this would imply, although supersymmetry is unbroken at the classical level and 
the string spectrum is Bose-Fermi degenerate, that supersymmetry may be broken 
at the perturbative quantum level. Nevertheless, since the spectrum is Bose-Fermi 
degenerate, the one-loop cosmological constant still vanishes. The details of this model 
are given in section [331 

Below we provide the details of the Yukawa mechanism and the Higgs doublet-triplet 
splitting which are realised in the examples proposed in the next sections. 

3.2.1 Yukawa Selection Mechanism 

At the cubic level of the superpotential the boundary condition basis vectors fix the 
Yukawa couplings for the quarks and leptons [75]. These Yukawa couplings are fixed 
by the vector 7 which breaks the 50(10) symmetry to SU{5) x U{1). Each sector bi 
gives rise to an up-like or down-like cubic level Yukawa coupling. We can define three 
quantities Aj, i = 1,2,3, in the vector 7, which measures the difference of the left- 
and right-moving boundary conditions assigned to the internal fermions from the set 
{y,w\y,Ld} and which are periodic in the vector bi, 

Ai = 1 7L (internal) -7ij (internal) I = 0,1 (z = 1,2,3). (3.20) 
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If Aj = then the sector bi gives rise to a down-hke Yukawa couphng while the up- 
type Yukawa coupling vanishes. The opposite occurs if Aj = 1. In models that produce 
Aj = 1 for i = 1,2,3 the down-quark type cubic-level Yukawa couplings vanish and 
the models produce only up-quark type Yukawa couplings at the cubic level of the 
superpotential. Models with these characteristics were presented in refs. [59l [75] . 

3.2.2 Higgs Doublet-Triplet Splitting 

The Higgs doublet-triplet splitting operates as follows [89l [90]. The Neveu-Schwarz 
sector gives rise to three fields in the 10 representation of 50(10). These contain 
the Higgs electroweak doublets and colour triplets when breaking the gauge group to 
the SM symmetry. Each of those is charged with respect to one of the horizontal 
U{1) symmetries ?7(l)i,2,3 generated by 77^, r/^ and 77^. Each one of these multiplets is 
associated, by the horizontal symmetries, with one of the twisted sectors, 61, 62 and 63. 
The doublet-triplet splitting results from the boundary condition basis vectors which 
break the 50(10) symmetry to 50(6) x 50(4). We can define a quantity Aj in these 
basis vectors which measures the difference between the boundary conditions assigned 
to the internal fermions from the set {y,uj\y,ui} and which are periodic in the vector 6j, 

Aj = |aL(internal) — a/j (internal)! = 0, 1 {i = 1, 2, 3). (3-21) 

If Aj = then the Higgs triplets, Dj and -Dj, remain in the massless spectrum while the 
Higgs doublets, hi and hi are projected out and the opposite occurs for Aj = 1. The 
rule in eq. (|3.2ip is a generic rule that operates in NAHE-based free fermionic models. 

Another relevant question with regard to the Higgs doublet-triplet splitting mecha- 
nism is whether it is possible to construct models in which both the Higgs colour triplets 
and electroweak doublets associated to a given twisted sector bj from the Neveu-Schwarz 
sector are projected out by the GSO projections. This is a viable possibility as we can 
choose for example 

= 1 and = 0, 

where A^"'^) are the projections due to the basis vectors a and f3 respectively. This is 
a relevant question as the number of Higgs representations, which generically appear in 
the massless spectrum, is larger than what is allowed by the low energy phenomenology. 
Attempts to construct such models were discussed in ref. [91]. In section [331 we present 
three generation models with reduced untwisted Higgs spectrum, without resorting to 
analysis of supersymmetric fiat directions. 
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3.3 Models with reduced untwisted Higgs spectrum 



As an illustration of the Higgs reduction mechanism we consider the model in table 
K22\ 
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(3.22) 



with the choice of generalised GSO coefficients: 

a,f3 \ / /5,7 



a 



f3 



7 

1, a 



a 



7 
bi 



/3 



6. 



1 



" =-c ^ 

61,^2 J V ^2,^3 

(j=l,2,3), with the others specified by modular invariance and spacetime supersymme- 
try. As noted from the table, in this model the boundary conditions with respect to 
62 and 63 in the basis vector a are asymmetric and symmetric, respectively, while the 
opposite occurs for the basis vector (3. At the same time, the boundary conditions with 
respect to the sector bi are asymmetric in both a and /3. Therefore, in this model 
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1: A 
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0, A 



1. Consequently, irrespec- 



tive of the choice of the generalised GSO projection coefficients, both the Higgs colour 
triplets and electroweak doublets associated with 62 and 63 are projected out by the 
GSO projections, whereas the electroweak Higgs doublets that are associated with the 
sector bi remain in the spectrum. However, the sector a produces chiral fractionally 
charged exotics, and is therefore not viable. We also note that in this model the non- 
vanishing cubic level Yukawa couplings produce a down-quark type mass term, and not 
a potential top-quark mass term. 

An alternative model is presented in table I3.23[ 
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with the choice of generahsed GSO coefficients: 



c 



bj,^) "(at) '( V) '(l) '{b, 



(j=l,2,3), with the others specified by modular invariance and spacetime supersymme- 
try. In this model the basis vectoj^ 64 preserves the 50(10) symmetry, which is broken 
by the basis vectors /3 and 7 to SU{3) x SU{2) x {/(l)^. The 64 projection is asymmetric 
with respect to the internal fermions that are periodic in the sectors 61 and 62 and, there- 
fore, projects out the entire untwisted vectorial representations of 50(10), that couple to 
the sectors 61 and 62, irrespective of the /3 projection. On the other hand, it is symmetric 
with respect to 63, while the basis vector /3, that breaks 50(10) — > 50(6) x 50(4), is 
asymmetric with respect to 63. Therefore, the Higgs doublets that couple to 63 remain 
in the massless spectrum. We note also that the boundary conditions in the vector 
7, that breaks 50(10) — > SU{5) x C/(l), are asymmetric with respect to the internal 
fermions that are periodic in the sector 63. Therefore, this model will select an up-quark 
type Yukawa couplings at the cubic level of the superpotential. The gauge group of this 
model is generated entirely from the untwisted vector bosons and there is no gauge 
symmetry enhancement from additional sectors. The four dimensional gauge group is 
5C/(3)c X SU{2)l X U{1)b-l x U(1)t,^ x C/(1)i,..,6 x 5C/(2)f... g x [/(l)^^. 

The spectrum of the model is detailed in the Table 3. a in Appendix B. The cu- 
bic level superpotential, including states from the observable and hidden sectors, is 
straightforwardly calculated following the rules given in |92] and reads: 



W = Nl^L^h + ul^Q-ih + C^+DSh + Ct-D+h + 

+ (0103' + 0'l 03)02 + (0+ + 01- + Ol + O+-)0'3 

+ {D+D^ + C+0_ + T+r_ + DflD^% + D^^lDfl)(P3 
+ (Djl^^Di^f + Di^) + Df_,D^l + Df_D^^l)<p, 
+ A+A_(j)[. 

As expected, we obtain a Yukawa coupling for the top quark, but also couplings 
of the Higgs with exotic states. One can also see that not all the fractionally charged 
[flstates in the spectrum appear in the cubic level superpotential, which means that they 
remain massless at the trilinear level. However, this does not exclude the possibility of 
giving them masses at higher orders. 



^We use a different notation here for the boundary condition vector a, which is now called &4, since 
in the literature a breaks the 50(10) gauge group while in this case the boundary conditions w.r.t. 
-i/)^' "^ leave intact the SO{W) symmetry. 

^The hypercharge is defined as Qy = 1/3 Qc + 1/2 Ql and the electric charge is given by Qe = 
T3L + Qy, with TsL the electroweak isospin. 
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3.3.1 Flat directions 

In this section we investigate the flat directions of the model of table (|3.23|) . The model 
contains 6 anomalous f7(l)'s with 

TV Qi = Tr Q2 = -Tr Q3 = TV Q5 = -24, 

Tr Q4 = -Tr Qg = 12. (3.24) 

The total anomaly can be rotated into a single U{1)a and the new basis reads 

Q'l = Qi — Q2, 

Q'2 = + Qbi 

Q3 = (^4 + Qe, 

Q'a = Q1 + Q2 + Q3-Q5, 

Q5 = Ql + Q2-Q3 + Q5+4:{Q4-Q6), 

Qa = 2(Qi + Q2 - Qs + Q5) - Q4 + Qe- (3.25) 

In the following we will call i=l,...,5, simply Qi. 

To search for flat directions we use the methodology developed in [93]. We start by 
constructing a basis of D-flat directions under Qi...^ and then we investigate the exis- 
tence of D-flat directions in the anomalous U{1)a- Subsequently we will have to impose 
D-flatness under the remaining gauge groups and F-flatness. To generate the basis of 
flat directions under Qi,,,5 we start by forming a basis of gauge invariant monomials 
under [/(l)i, then we use these invariants to construct a basis of invariant monomials 
under C/(l)2 and so forth. 

We include in the analysis only the fields with vanishing hypercharge and which are 
singlets under the Standard Model gauge group. The Qi...5,a charges of these fields are 
detailed in table [3^271 where, following the notation of [93j, we sig nal by (')((")) the 
presence in the spectrum of a second (third) field with the same ?7(1)i...5,a charges and 
by -y/ the presence of a field with opposite f7(l)i...5,A charges. For instance, the field 
(/> stands for (j)i, while 4)' stands for 4)2, and the two fields with opposite charges are 
and i;^3. The fields with opposite charges to and are D^^^ and D^^\ respectively, 
while the field with opposite charges to D2 is o'^^'f' and D2 stands for D^^'^\ in the 
notation of the Table 3. a in Appendix B. We did not include in table 13.271 the fields (/>i, 
</>2 and which have vanishing charges. These fields are trivially fiat directions in the 
C/(l)i...5, but they are not fiat under the anomalous U{1). 

For simplicity we rescaled the charges Qi , and Qa by a factor 2 and the charges 
Q2, Qi and Q^ by a factor 4. The seventh column is given by 

Q = 3^(Qa-Q5 + 9 Q3) (3.26) 
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and, as explained in [93], it will be useful for the search of flat directions in the anomalous 
U{1). 
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As a first step we investigate the existence of flat directions involving vacuum expec- 
tation values only for the fields which are singlets under both the visible and the hidden 
gauge groups. These fields are 0('V^'\ , sP , sP , sP , sP , sP , Ni, N2 and iVs- 
Bearing in mind the equivalence in the charges for some fields, these count as 11 fields 
and so, given the fact that we have to impose 5 constraints, the basis of flat directions 

should contain 6 elements. But a simple Mathematica program can show that it is 

(') (') 

impossible to incorporate the fields Sj; , 53 , A''!, A''2 and A3 into the flat directions. 
This leave us with 6 fields, so we expect a basis with just one element. It turns out that, 
in respect with the charges of the remaining fields, Q4 and Q5 are a linear combination 
of the previous C/(l)'s, so there are actually only 3 independent constraints and, hence, 
we obtain three basis elements 

^SfSlSl ^^SfSlSl (3.28) 

where we expressed the flat directions as gauge invariant monomials. For example, the 
monomial <j)SiS2S^ corresponds to the following choice of VEVs 

\4>\^ = IVP, = 2|V'|^ \S2\^ = 2\i;\\ |53p = 2\ij\\ (3.29) 

for an arbitrary Itpl. 

Note that in the precedent basis any field A can be replaced with its copy A'. Any 
flat direction, P, can be obtained from the elements of the basis as 
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P" = JJm^-, (3.30) 

a 

where Mq, stand for the elements of the basis, n is a positive integer and Ha are integers 
PI- 

In order to obtain D-flat directions in the anomalous U{1) we need to construct 

(')... 

invariant monomials containing the field , since this is the only field with a positive 
Q chargjll, necessary to cancel the negative Fayet-Iliopoulos term generated by the 
anomalous U{1) 0. And, since none of the elements of the basis contains this field, we 
conclude that there are no flat directions involving only VEVs of the singlets. 

Therefore, we proceed with the analysis including also non-abelian fields under the 
hidden gauge group. This amounts to including all the fields in table (|3.27|1 . which 
contains 22 fields with non-equivalent charges. Again, we look for a basis of gauge 
invariant monomials under (5i...5- Such a basis is given by 

#, D2D2, A+A+, A^A^, ^Slslsi, ^^Slslsi, 
^SfN^F^F'Fi, ^SfSlNiF^Fi, ^SIN^N^NIF^F^, 
^SlNlNiNlFfFl ^SlNMNlFiFl SlS2S^S^A+F^ Fj, 
SfSlS3S3^NiN2AlF^FiF!, SiSsS/ AIf^F^, ^SI'^SIsIf^'f!, 

SfSiSiNiN2A+F^F^, (3.31) 

where, again, any field can be replaced with one of its copies with equal Q1...5 charges. 
All the elements of the basis have negative or vanishing Q charges, but, since some of 
the elements contain the fields 53 and F, which have positive Q charge, and, since flat 
directions can be obtained as a combination of the basis elements with negative powers, 
we cannot conclude immediately that there are no D-flat directions under the anomalous 
U (1). Nevertheless, a simple Mathematica program shows that it is impossible to obtain 
viable invariant monomials with positive Q charge, by viable meaning that the fields 
that do not have a partner field with opposite charges should appear with positive 
powers in the monomials. We conclude that there are no flat directions involving only 
singlets of the visible gauge group. 

Therefore, the only possibility to obtain flat directions which do not break electric 
charge is to consider the option of giving a VEV also to the neutral component of the 

''The Q charge of an invariant monomial is equal, up to positive factors, with his Qa charge, since 
the difference between the two is a linear combination of Q1...5, under which the invariant monomials 
have zero charge by construction. 

^In our model Tr Qa < 0. 
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Higgs field, in which case the flat directions would break the electroweak symmetry. 
The Higgs doublets in our model have the following charges: 
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and including them into our analysis amounts to adding the invariant (phSfS^S^F'^F^ 
to the basis (|3.3ip . The new basis element also has a negative Q charge and, again, 
it turns out to be impossible to construct flat directions with positive Q charge. This 
means that the only stable vacuum solutions of our model are the ones that break the 
Standard Model gauge group. 

Interested in the analysis of flat directions in free fermionic models with reduced 
Higgs spectrum we performed an extensive search in a similar case, where we could not 
find any solutions. Before providing the details of this model, the definition of stringent 
flat directions is introduced. 



3.4 Stringent flat directions 

In general, systematic analysis of simultaneously D- and F-flat directions in anomalous 
models is a complicated, non-linear process [MIES]. In weakly coupled heterotic string 
(WCHS) model-building, F-flatness of a specific VEV direction in the low energy effec- 
tive field theory may be proved to a given order by cancellation of F-term components, 
only to be lost a mere one order higher at which cancellation is not found. An excep- 
tion is directions with stringent F-fiatness [52l [88] . Rather than allowing cancellation 
between two or more components in an F-term, stringent F-fiatness requires that each 
possible component in an F-term have zero vacuum expectation value. 

When only non-Abelian singlet fields acquire VEVs, stringent fiatness implies that 
two or more singlet fields in a given F-term cannot take on VEVs. For example, in 
section 13.5.11 which presents the third and forth order superpotential for the model 
under consideration, the components of the F-term for $45 are (through third order): 

F$« = l>46^'56 + ^46^56- (3-33) 

For stringent F-flatness we require not just that < F^^^ >= 0, but that each component 
within is zero, i.e., 

< $46^56 >= 0, < ^^6^56 >= 0. (3.34) 

Thus, by not allowing cancellation between components in a given F-term, stringent F- 
flatness imposes stronger constraints than generic F-flatness, but requires significantly 
less fine-tuning between the VEVs of fields. 

The net effect of all stringent F-constraints on a given superpotential term is that at 
least two fields in the term must not take on VEVs. This condition can be relaxed when 
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non-abelian fields acquire VEVs. Self-cancellation of a single component in a given 
F-term is possible between various VEVs within a given non-abelian representation. 
Self-cancellation was discussed in [96] for SU{2) and S0{2n) states. 

A given set of stringent F flatness constraints are not independent and solutions to 
a set can be expressed in the language of Boolean algebra (logic) and applied as con- 
straints to linear combinations of D-flat basis directions. The Boolean algebra language 
makes clear that the effect of stringent F-flat constraints is strongest for low order 
superpotential terms and lessens with increasing order. In particular, for the model 
presented in the following, stringent flatness is extremely constraining on VEVs of the 
reduced number of (untwisted) singlet fields appearing in the third through fifth order 
superpotential, in comparison to its constraints on the larger number of singlets in the 
model of table [323] [44]. 

One might imagine that stringent F-flatness constraints requires order-by-order test- 
ing of superpotential terms. This is, in fact, not necessary. All-order stringent F-flatness 
can actually be proved or disproved by examining only a small finite set of possible 
dangerous (i.e., F-flatness breaking) superpotential terms. Through a process such as 
matrix singular value decomposition (SVD)@, a finite set of superpotential terms can 
be constructed that generates all possible dangerous superpotential terms for a specific 
£)-flat direction. This basis of gauge-invariants can always be formed with particular 
attributes: (1) each basis element term contains at most one unVEVed field (since to 
threaten F-flatness, a gauge-invariant term, necessarily without anomalous charge, can 
contain no more than one unVEVed field); (2) there is at most one basis term for each 
unVEVed field in the model; and (3) when an unVEVed field appears in a basis term, it 
appears only to the first power. The SVD process generated a possibly threading basis 
of superpotential terms for several models (see for example [521 [661 198| ). 

To appear in a string-based superpotential, a gauge invariant term must also fol- 
low Ramond-Neveu-Schwarz worldsheet charge conservation rules. For free fermionic 
models these rules were generalised from finite order in [92l [99] to all-order in [54] . 
The generic all order rules can be applied to systematically determine if any product of 
SVD-generated F-flatness threatening superpotential basis elements survive in the cor- 
responding string-generated superpotential. If none survive, then F-flatness is proved 
to all finite order. This technique has been used to prove F-flatness to all finite order 
for various directions in several models [52l [Ml [98] . Alternately, if any terms do survive, 
the lowest order is determined at which stringent F-flatness is broken. 

How should stringent (especially all-order) flat directions be interpreted in compar- 
ison to general (perhaps finite order) flat directions? All-order stringent flat directions 
contain a minimum number of VEVs and appear in models as the roots of more fine- 
tuned (generally finite-order) flat directions that require specific cancellations between 

SVD FORTRAN subroutine is provided in [97]. 
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F-term components. The latter may involve cancellations between sets of components 
of different orders in the superpotential. 

All-order stringent flat directions have indeed been discovered to be such roots in 
all prior free fermionic heterotic models for which we have performed systematic flat 
direction classifications. However, the model presented in the next section appears to 
lack any stringent flat directions, at least within the expected range of VEV param- 
eter space. We have reached this conclusion after employing our standard systematic 
methodology for D- and F-flat direction analysis. 

3.5 The string model with no stringent flat-directions 

The string model that we present here contains three chiral generations, charged un- 
der the Standard Model gauge group and with the canonical SO{W) embedding of 
the weak-hyper charge; one pair of untwisted electroweak Higgs doublets; a cubic level 
top-quark Yukawa coupling. The string model therefore shares some of the phenomeno- 
logical characteristics of the quasi-realistic free fermionic string models. The boundary 
condition basis vectors beyond the NAHE-set and the one-loop GSO projection coeffi- 
cients are shown in table 13.351 and in table 13.361 respectively. 
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Both the basis vectors a and /? break the 50(10) symmetry to S0{^) x 50(4) and 
the basis vector 7 breaks it further to 5C/(3) x C/(l)c x S\J(2) x C/(1)l. The basis 
vector a is symmetric with respect to the sector h\ and asymmetric with respect to 
the sectors ^2 and 63, whereas the basis vector /3 is symmetric with respect to 62 and 
asymmetric with respect to 61 and ^3. As a consequence of these assignments and of the 
string doublet-triplet splitting mechanism [90], both the untwisted Higgs colour triplets 
and electroweak doublets, with leading coupling to the matter states from the sectors 
61 and 62, are projected out by the generalised GSO projections. At the same time 
the untwisted colour Higgs triplets that couple at leading order to the states from the 
sector 63 are projected out, whereas the untwisted electroweak Higgs doublets remain 
in the massless spectrum. Due to the asymmetric boundary conditions in the sector 
7 with respect to the sector 63, the leading Yukawa coupling is that of the up-type 
quark from the sector 63 to the untwisted electroweak Higgs doublet [75]. Hence, the 
leading Yukawa term is that of the top quark and only its mass is characterised by 
the electroweak VEV. The lighter quarks and leptons couple to the light Higgs doublet 
through higher order nonrenormalizable operators that become effective renormalizable 
operators by the VEVs that are used to cancel the anomalous \J(X)a i^-term equation 
|75| . We remind once again that the novelty in the construction of the model in [44] , 
and in the model of table 13.351 is that the reduction of the untwisted Higgs spectrum 
is obtained by the choice of the boundary condition basis vectors in table 13.351 whereas 
in previous models it was obtained by the choice of flat directions and analysis of the 
superpotential [79] . 

The final gauge group of the string model arises as follows: in the observable sector 
the NS boundary conditions produce gauge group generators for 

5[/(3)c X SU{2)l X U(\)c x U{\)l x C/(1)i,2,3 x ^7(1)4,5,6 ■ (3.37) 

Thus, the 50(10) symmetry is broken to 5C/(3) x 5C/(2)l x [/(1)c x C/(1)l, where, 

3 



f/(l)c ^ Qc = 5]Q(^'), (3.38) 

i=\ 
5 

f/(l)L ^ Ql = 5^Q(V^') . (3.39) 



j=4 



The flavour 50(6)^ symmetries are broken to ?7(1)^"'"" with (n = 0, • • • ,6). The first 
three, denoted by V(X)j (j = 1,2,3), arise from the worldsheet currents if if , as 
mentioned previously. The additional horizontal ?7(1) symmetries, denoted by V(X)j 
(j = 4,5,...), arise by pairing two real fermions from the sets {y^''"'^}, and 
{a)^' " '"^j. The final observable gauge group depends on the number of such pairings. In 
this model there are the pairings y^y^, y^iJj^ and cD^a)^, which generate three additional 
?7(1) symmetries, denoted by C/(l)4,5,6- 
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It is important to note that the existence of these three additional U{1) currents 
is correlated with the assignment of asymmetric boundary conditions with respect to 
the set of internal worldsheet fermions {y,u)\y,iD}^'"' , in the basis vectors that extend 
the NAHE-set, {a,/3, 7}. This assignment of asymmetric boundary conditions in the 
basis vector that breaks the 5*0(10) symmetry to S0{6) x SO{4) results in the projec- 
tion of the untwisted Higgs colour-triplet fields and preservation of the corresponding 
electroweak-doublet Higgs representations |90| . 

In the hidden sector, which arises from the complex worldsheet fermions (j)^'"^, the 
NS boundary conditions produce the generators of 

S^7(2)i,2,3,4 X SU{4)h, X ^7(1)^^, . (3.40) 

U{1)hi corresponds to the combinations of the worldsheet charges 

8 

QH, = Y.Qi^') ■ (3-41) 

The model contains several additional sectors that may a priori produce spacetime 
vector bosons and enhance the gauge symmetry, which include the sectors 1 + 61 + 62 + ^3 
and l + S' + a + /3 + 7. Additional spacetime vector bosons from these sectors would 
enhance the gauge symmetry that arise from the spacetime vector bosons produced in 
the Neveu-Schwarz sector. However, with the choice of generalised GSO projection 
coefficients given in table 13.361 all of the extra gauge bosons from these sectors are 
projected out and the four dimensional gauge group is given by eqs. (I3.37P and (|3.40l) . 

In addition to the graviton, dilaton, antisymmetric sector and spin-1 gauge bosons, 
the Neveu-Schwarz sector gives one pair of electroweak Higgs doublets and /13; six 
pairs of 50(10) singlets, which are charged with respect to C/(l)4,5,6; three singlets of 
the entire four dimensional gauge group. A notable difference as compared to models 
with unreduced untwisted Higgs spectrum, like the model of ref. [65], is that the 50(10) 
singlet fields, which are charged under C/(l)i,2,3, are projected out from the massless 
spectrum. The three generations are obtained from the sectors 61, 62 and 63, as usual. 
The model contains states that are vector-like with respect to the Standard Model and 
all non-abelian group factors, but may be chiral with respect to the U{1) symmetries 
that are orthogonal to the 50(10) group. The full massless spectrum of the model is 
detailed in Table 3.b in Appendix B. 

As a final note we remark that the boundary conditions with respect to the internal 
worldsheet fermions of the set {y,uj\y,uj}^'"' in the basis vectors a, /3 and 7, that 
extend the NAHE-set, are similar to those in the basis vectors that generate the string 
model of ref. [65], with the replacements 

a(y'y') — liff) 

P{yW) ^ lit^''). (3.42) 
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The worldsheet fermions {y,uj\y,u}}^'"' correspond to the compactified dimensions in 
a corresponding bosonic formulation. The substitutions in eqs. (|3.42|) are augmented 
with suitable modifications of the boundary conditions of the worldsheet fermions 
l^i,--- ,5^ j^i,--- ,3 ,8 which correspond to the gauge degrees of freedom. The ef- 
fect of these additional modifications is to alter the hidden sector gauge group. While 
the substitutions in eqs. (|3.42l) look innocuous enough, they in fact produce substantial 
changes in the massless spectrum and, as a consequence, in the physical characteristics 
of the models. With regard to the flat directions of the superpotential, the effect of 
these changes on the untwisted states will be particularly noted. 

3.5.1 Third and Fourth Order Superpotential 

The three singlets of the entire four dimensional gauge group are obtained from: 

We show below the cubic and fourth order superpotential terms. 
Trilinear superpotential: 

W3 = N^L^h + ulQ^h + HiHjh + HiHjh + 

+ £,2{H2H2 + HiqHiq + HuHu) 

+ CsiHsH^ + H4^H4 + + HqHq + H-jHj) 

+ $45(^46^56 + ^46^56) + ^45($46^'56 + ^46^56) 

+ $l5(l>46^56 + ^46^56) + ^45(^46^56 + ^46^56) 
+ [{^ff + {<?) + ^^5 [i^f? + i^ff) 

+ *^*45-f^l2-f^l3 + <&46-f^l4-f^l5 + ^^^Hi^Hn 

+ ^',,{H,f + ^',,iHif + ^',,{H2f + $'46(^2)' 

+ ^fH^Hu + ^f{HiH2 + HsHio)+HiH^Hio + H2H^H^ . (3.43) 
Quartic superpotential: 

Wi = QiUiH4H5 + Q2U2H4H6 + LiN^H4H5 + L2NiH4He . (3.44) 
We provide the expression of the quintic order superpotential in (jB.ip in Appendix B. 
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3.5.2 Flat directions 



The model in table [3^351 possesses nine local U{1) symmetries, eight in the observable 
part and one in the hidden part. Six of these are anomalous: 

TvUi = TtU2 = -TtUs = 2TVC/4 = -2TtU5 = 2TtUg = -24. (3.45) 

U{1)l and U{l)c of the 50(10) subgroup are anomaly free. Consequently, the weak 
hypercharge and the orthogonal combination, U{l)z', are anomaly free. The hidden 
sector U{1)hi is also anomaly free. 

Of the six anomalous C/(l)s, five can be rotated by an orthogonal transformation 
to become anomaly free. The unique combination that remains anomalous is: Ua = 
k X^j[Tr?7(l)j][/(l)j, where j runs over all the anomalous U{l)s and A; is a normalisation 
constant. For convenience, we take k = and therefore the anomalous combination is 
given by: 

Ua = -2Ui - 2U2 + 2U3 - + U5 - Ue, TVQ^ = 180. (3.46) 

The five rotated non-anomalous orthogonal combinations are not unique, with dif- 
ferent choices related by orthogonal transformations. One choice is given by: 

U'l = U1-U2 , U'2 = U1 + U2 + 2U3, (3.47) 
U's = Ui + U^ , U\ = Ui-U5-2Ue, (3.48) 
U'5 = Ui + U2-U3-2Ui + 2U5-2U(i. (3.49) 

Thus, after this rotation there are a total of eight U{l)s free from gauge and gravitational 
anomalies. In the following we use a different method to calculate D- and F- flatness, 
which is suitable for the implementation of a FORTRAN program. A basis set of (norm- 
squares of) VEVs of scalar fields satisfying the non-anomalous D-flatness constraints 
(|3.19p can be created en masse [8H[54]- The basis directions can have positive, negative, 
or zero anomalous charge. In the maximally orthogonal basis used in the singular value 
decomposition approach of [HU [54], each basis direction is uniquely identified with a 
particular VEV. That is, although each basis direction generally contains many VEVs, 
each basis direction contains at least one particular VEV that only appears in it. 

A physical D-Qat direction Dphys, with anomalous charge of sign opposite that of 
the FI term ^, is formed from linear combinations of the basis directions, 

# basis dirs. 

-Cphys = X] (^-^^^ 
i=l 

where the integer coefficients a, are normalised to have no non-trivial common factor. 

In our notation, a physical flat direction (I3.50p may have a negative norm-square 
for a vector-like field. This denotes that it is the oppositely charged vector-partner field 
that acquires the VEV, rather than the field. Basis directions themselves may have 
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vector-like partner directions if all associated fields are vector-like. On the other hand, 
if in particular, the field generating the VEV uniquely associated with a basis direction 
does not have a vector-like partner, that basis direction cannot have a vector-like partner 
direction. 

In pursuit of physical all-order flat directions for this model, we first examined 
directions formed solely from the VEVs of non-abelian singlet fields. An associated 
maximally orthogonal basis set, denoted by to 13 }i containing only non-abelian 

singlet VEVs is shown in Table 3.c in Appendix B. The respective unique VEV fields of 
these basis directions are identified in Table 3.d in the same Appendix. Examination of 
Tables 3.c and S.d reveals that no physical D-Qat directions can be formed solely from 
VEVs of non-abelian singlet fields. Since the FI term ^ in eq. (l3.19p is positive for this 
model, with TrQ^ = 180, a physical flat direction must carry a negative anomalous 
charge. However, of the 13 singlet D-Qat basis directions, three carry anomalous charge 
of -|-15, -|-30, -|-30 while the remaining ten do not carry anomalous charge. Further, 
the unique VEVed fields for the 3 basis directions with positive anomalous charge do 
not have corresponding vector-like partner fields. Hence, there are no vector-like paired 
basis directions with negative anomalous charge. Thus, Tables 3.c and 3.d imply that 
one or more fields carrying non-abelian charges must also acquire VEVs in physical 
D-Hat directions. This result is, in itself, not necessarily unexpected, as non-abelian 
VEVs have been required for physical (all-order) flat directions in other quasi-realistic 
free fermionic heterotic models in the past, for example |66| . 

Thus, we expanded our flat direction search to include VEVs of both non-Abelian 
singlet fields and non-abelian charged fields. Our chosen set of 50 maximally orthogo- 
nal D-Qat basis directions for both non-abelian singlet VEVs and non-abelian charged 
VEVs, denoted by {Pi=i to so}, is presented in Table 3.e. The respective unique field 
VEVs identified with these basis directions are given in Table 3.f. In this enlarged basis 
the anomalous charges are given in units of (^[5-) and the directions containing only 
singlet VEVs are rotations of those in Table 3.c. 

Nine of the 50 directions, denoted i5j=i,...,9, carry one or two units of negative 
anomalous charge. Twenty basis directions, denoted Dio through D29, carry no anoma- 
lous charge. Twenty-one basis directions, denoted D^q through D^q, carry one or two 
units of positive anomalous charge. All basis directions possessing negative anomalous 
charge contain SU{3)c'^SU{2)l charges or hidden sector 5'f7(4)®]^^^]^ SU{2)j charges. 
(Thus, this basis set also reveals that anomaly cancellation will necessarily break one 
or more non-abelian local symmetries.) All of the $ fields, the Hi to 11 fields and h 
have vector-like pairs. Thus, physical flat directions can have negative components for 
any of these. A subset of these fields, specifically $46, $45, ^55, and -^4,5,6, 7, has VEVs 
appearing in multiple basis directions. The only non-vector-like field with a VEV that 
appears in multiple directions is e§. 
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DiQ through Dn and D22 are composed solely of varying combinations of the vector- 
like fields. Hence, all of these basis directions have corresponding vector-like partner 
basis directions, Di = —Di, for which the VEV of each field is replaced by the VEV 
of the vector-like partner field. Thus, in a physical flat direction in eq. (l3.50ll . each of 
the respective integer coefficients aio through oiy and 022, may be negative, positive, 
or zero. 

Note that -D7, Ds, Dg and D20 are vector-like except for their e| components. 
Thus, each of 07, ag, ag and 020 may be negative, positive, or zero in a physical -D-flat 
direction, so long as the net norm-square VEV of e§ is non-negativeIl| The remaining 
basis directions contain at least one unique non-vector-like field VEV. Thus, in a physical 
flat direction, the coefficients of the remaining basis directions must be non-negative. 

What does this mean for a physical D-Qat direction formed as a linear combination of 
the basis directions? For a physical flat direction there are, thus, two specific constraints 
on the ai coefficients and one general set of non-negative norm-square constraints on a 
subset of the Oj. First, negative anomalous charge for a flat direction requires 

2 9 44 50 

-2^ai-^ai + ^ai + 2^ai <0. (3.51) 

i=l i=3 i=30 i=45 

Second, a non-negative norm-square VEV for Cg requires 

2 6 9 19 

—6 ^ Oj — 3a3 — 6 ^ Oj — 2a7 — 6 ^ flj — 2 ^ — 020 + 021 

i=l j=4 i=8 i=lS 

24 

-2 ^ Oj - 025 - 2a26 + 2a27 - 2a28 + 2a29 + 6030 + 6032 + 033 

i=23 

40 47 49 

+3^ai + 6042 +6^ai + 2^ai + 6050 > 0. (3.52) 

i=39 i=45 i=48 

Last, for the set of non- vector-like fields that are each identified with a respective unique 
D-Qat direction, the general set of non-negative norm-square VEV constraints is 

ai > for i = 1 to 6, 18, 19, 21, 23 to 50. (3.53) 

At low orders, each individual superpotential term also induces several stringent 
F-term constraints on the Oj coefficients of physical flat directions. As stated prior, the 
set of constraints from superpotential terms with only singlet fields translate into the 



'^Note that non- vector-like fields, such as 63, that appear in multiple directions with some basis 
directions having positive and some having negative norm-square components, are common in this 
process. Further, some models explored in the past have had (at least) one basis direction with two (or 
more) field VEVs unique to it and with norm-square VEVs with differing signs. This latter type of basis 
direction can never appear in a physical direction and, hence, implies that the fields unique to it can 
never appear in a D-fiat direction. (If all of the norm-squares of the fields unique to a basis direction 
were initially negative, then these signs, along with those of the norm-squares of any vector-like field 
VEVs in that basis direction, could all be changed together to allow the basis direction to appear in a 
physical direction.) 
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requirement that two or more singlet fields in a given superpotential term cannot take on 
VEVs. For the model under investigation, constraints from third order superpotential 
terms are especially severe. For this model, all six $ singlet fields and their vector-like 
partners appear in third order superpotential terms (specifically, the sixth and seventh 
lines) of eq. (|3.43|) . Stringent F-flatness from these terms forbids at least 8 of the 12 
singlet fields from acquiring VEVs. 

For example, when solely third order stringent F-flatness constraints are applied to 
the six pairs of $ vector-like singlets (and no F-flatness constraints are applied to the 
non-abelian states), there are just nine solution classes that allow the maximum of 4 
singlet VEVs. (Flat directions in any of these nine classes are defined by their respective 
non-abelian VEVs.) 

For three of these nine singlet third order flatness classes, the VEVs are of two fields 



and their respective vector-like partners: either, 

< ^'45 >, < ^45 >' < ^45 >, < ^45 > ^0, Or (3.54) 

< $46 >, < ^46 < ^46 >, < ^'46 > / 0, Or (3.55) 

< $'56 >, < ^56 >, < ^56 >> < ^'se > / 0. (3.56) 



Higher order stringent flatness constraints can further reduce the allowed number of 
singlet VEVs of each of these solutions. Further, a component of a D-flat basis direction 
in Table 3. a in Appendix B only specifies the difference between the norm-squares of the 
VEV of a given field and of the given vector-like partner field (if it exists). Completely 
chargeless VEVs solely involving a field $i and its vector-like partner $j such that 
I <^i> P = I <^*j> P can always be added to a physical D-Q&t direction. However, 
it is preferable for higher order F-flatness to impose that a field and its vector-partner 
do not simultaneously acquire VEVs. Hence, these three solutions effectively allow only 
two unique singlet fields to acquire VEVs. 

The next three classes of singlet solutions do allow up to four distinct singlet fields 
to acquire VEVs: either, 

< $45 >, < ^45 >> < ^46 >, < ^46 0, or, (3.57) 

< $45 >, < ^56 >, < $56 >< ^45 >/ 0> or, (3.58) 

< $46 >, < ^56 >, < ^56 >' < ^46 0- (3-59) 

For the three remaining solution classes, the fields in (|3.57l) . (|3.58p and (|3.59p . are 
respectively replaced with their vector-like partner fields. For any of these nine stringent 
F-flat choices, no other $ singlet fields can acquire VEVs. 

Any of the constraints on allowed and disallowed VEVs, such as the above, can be 
re-expressed in terms of constraints on the coefficients specifying the basis directions 
contributions to a physical D-flat direction. For example, setting < $46 >= would 
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require 

4 

4ai + a2 + 2 ^ Oj + 805 + 2ae + ay — ag — og + aio + oie 

1=3 

-ai8 + 2ai9 + 020 - ^21 + 023 - 2a27 - ^28 + 029 + ^aso 

35 37 43 

+031 - 032 + ^ aj - 2 ^ Oj - 2039 + 040 - 2 ^ aj + 044 

j=33 «=36 1=41 

— 4o45 + 2046 ~ 0^47 ~ 3049 — O50 = . (3.60) 

To systematically investigate physical -D-flat directions with non-abelian VEVs, over 
a course of several months we generated and examined physical L'-flat directions com- 
posed of from 1 to 6 basis directions. Under the assumption that all VEVs of physical 
flat directions are nearly of the same order of magnitude, we allowed coefficients of to 
20 for the non- vector-like basis directions and coefficients of -20 to 20 for the vector-like 
basis directions. 

To be classified as a physical -D-flat direction, a linear combinations of basis direc- 



tions needed to obey eqs. (13. 51113. 53|) and was, of course, also required to have non-abelian 
I^-flatness. (The general process by which we enforced non-abelian -D-flatness followed 
that presented in [8H[54].) Each resulting physical D-flat direction was then tested for 
stringent F-flatness from all third order through fifth order superpotential terms and 
additionally for some key sixth order supe 

Following the SVD method discussed earlier in section 3.4 and described in [5T1I88] . 
we had planned to then test for possible all-order stringent F-flatness, the subset of 
physical D-flat directions that had proved stringently F-flat to at least fifth or sixth 
order. Based on all of the prior models we had investigated, we had expected to find 
around four to six physical D-flat directions that were, in fact, stringently F-flat to all 
finite order. However, in contrast we discovered that no physical D-flat directions that 
we had generated even kept stringent F-flatness through sixth order. So there were 
no physical D-flat directions to examine for all-order testing. For this model, with its 
reduced set of singlet fields from the untwisted sector, not even self-cancellation of non- 
abelian terms could provide stringent F-flatness through sixth order for any of these 
physical D-flat directions. 

We will continue a search for F-flatness past sixth order for physical D-flat directions 
in this model that are comprised of seven or more basis directions. However, a continued 
null result is likely: since each of our basis directions contains a unique field VEV, 
increasing the number of non-zero Oi coefficients linearly increases the minimum number 
of unique field VEVs. With each increase in number of basis directions composing a 
physical D-flat direction, the probability of obtaining stringent F-flatness much beyond 
sixth order further decreases. 



* While only the third through fifth order superpotential is given in section l|3.5.ip . we have generated 
the complete superpotential to eighth order and can generate it to any required order. 
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In this model no physical D-flat direction that we generated kept F-flatness through 
six order. We said that only stringent flat directions can be flat to all orders of non- 
renormalizable terms. This would indicate that this model has no D-flat directions that 
can be proved to be F-flat to all order. If a non-vanishing F-term does exist, then su- 
persymmetry remains unbroken at finite order. The Fayet-niopoulos term that breaks 
supersymmetry is generated at one-loop level in the perturbative string expansion. On 
the other hand the string spectrum is Bose-Fermi degenerate and possesses = 1 
spacetime supersymmetry at the classical level. This would suggest that, contrary to 
the expectation from supersymmetric quantum field theories, perturbative supersymme- 
try breaking may ensue in string theory. Futhermore, the modular invariant one-loop 
partition function vanishes, giving a vanishing one-loop cosmological constant. This 
model may therefore represent an example of a quasi-realistic string vacuum with van- 
ishing one-loop cosmological constant and perturbatively broken supersymmetry. 
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Chapter 4 

Z9 X Z9 orbifold constructions 



In the previous chapter we have largely discussed the free fermionic models, which cor- 
respond to Z2 X Z2 orbifolds at special points of the moduli space (see section [3.1.2|) . In 
this chapter we want to present the orbifold construction as it provides complementary 
information on heterotic models away from the special points. 

We first consider the heterotic superstring compactified on a flat torus, where the 
physical dimensions are reduced from ten to four. In order to obtain models with 
appealing phenomenology, for instance with = 1 supersymmetry, the initial toroidal 
compactification is modified by modding-out a discrete symmetry described by a point 
group P and giving rise to an orbifold [1001 I101| . for review see |102] • We briefly 
present the orbifold construction rules, the derivation of the massless spectrum and the 
projection conditions required for modular invariance. We mainly follow [103111041 11051 
11061 11071 11081 [T09] . where an extensive treatment of the topic can be found. 

An indicative example of orbifold compactification is presented in the second part of 
this chapter. Our model is a six dimensional torus defined by the S'0(4)^ root lattice, 
with ^2 X Z2 discrete symmetry. The derivation of its fixed tori, their centralisers 
and the introduction of the Wilson lines is explained in details. The main motivation 
for considering the skewed model analysis was the attempt of reproducing the three 
generation free fermionic model p6], with Eq x x SO{?>)'\j gauge symmetry. A 

model with these properties was not found in the classification by Donagi and Wendland 
|110| . which extended the analysis of Donagi and Faraggi [I5j. The aim of the skewed 
model analysis is to try to build an orbifold model with similar characteristics to the 
free fermionic model. While unsuccessful, the inclusion of this analysis in the thesis 
aims to provide details of the complementary orbifold construction. In particular, we 
explain the implications of using factorisable or non-factorisable lattices and how the 
presence of Wilson lines may change the phenomenology of the model. A detailed study 
concerning Z2 x Z2 orbifolds with different compactification lattices is given in |111| . 
Several semi-realistic orbifold models have been presented in the literature with different 
discrete symmetry [1121 1113] . although we are mainly interested in the Z2 x Z2 case. 
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This is mainly because we believe that the correspondence with free fermionic models 
can provide some intuition in the selection of phenomenological interesting vacua, since 
the number of modular invariant orbifold models is huge and a complete classification 
under general physical properties represents an incredible feat. This chapter describes 
the general procedure of the orbifold construction and suggests some technical tricks in 
choosing the most favourable lattices to construct possible semi-realistic orbifold vacua. 

4.1 Heterotic string and toroidal compactification 

The ten dimensional heterotic superstring can provide a realistic four- dimensional the- 
ory if six of the nine spatial dimensions are compactified to a "sufficiently small" scale, 
unobservable in nowadays experiments. The simplest compactification scheme is on a 
torus that, being a flat surface, assures no modifications in the equations of motion. 
We start this section by revisiting the content of the heterotic string in ten dimensions 
in the bosonic construction, since in chapter 2 we have presented the correspondent 
fermionic description, where the compact bosons are substituted by internal degrees of 
freedom (32 real left-moving fermions with a precise choice of boundary conditions). 
In the bosonic formalism, the heterotic string is a right-moving superstring combined 
with a bosonic left-moving string. In the light-cone gauge the eight fermionic and eight 
bosonic right coordinates are given respectively by ^'^ and i = 1, ..8. The indices 
i = 1, 2 denote the two transverse spacetime dimensions, while the other six refer to the 
compact spatial dimensions. The left movers are given by the bosonic and sixteen 
further bosons X[, I = 1, ..16, compactified on a 16-torus. The anomaly cancellation 
requirement imposes that the 16-torus is either the root lattice of £"8 x Eg or the one 
of 5pm(32)/Z2 [37]. In this thesis we are interested in the £"8 x £^8 symmetry, then the 
equations given below will refer to the first case. The compactification procedure does 
not affect the mode expansion of the fields, whose expressions have been provided in 
chapter 2. We specify here the expansion of the gauge degrees of freedom 

Xiir + a)=xi+ pUt + ^) + ^ E ^e-2»(-+-), (4.1) 

where we fixed a' = 1/2 and the momenta p£ lay on the Eg, x Eg lattice. In the canonical 
basis, any element of the Eg lattice can be written as eight-dimensional vectors 

(ni,..., ns) , (ni -M/2, ...,718 -M/2) , 

where X^nj =0(mod2). The first notation labels the adjoint representation of 5*0(16), 
while the second vector represents the spinorial of the same symmetry group. 

The compactification of the internal coordinates on the 6-torus, namely X* = -|- 
X)j with i = 3, ..8, identifies the centre of mass coordinates with points that are 
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separated by lattice vectors of the torus 

= x' + 2ttL\ 

where L = (L^,...,L^) belongs to a six-dimensional lattice A = {X]t=3'^i^i I '^t ^ ^} 
and Cf are the basis vectors of the lattice. This implies that the boundary conditions 
for the compact spatial bosons are also satisfied if X^{t,it) = X*(r, 0) + 2ttU, which 
correspond to winding states around the torus. The compactification also requires the 
quantization of the momenta and this result is achieved by imposing the condition 
^^^3P*L* e Z. Thus, the momenta are quantised on the dual lattice A*, defined as 

8 

A* = {^mtet* I mt G Z}, 
t=3 

where the basis vectors e^i* satisfy the relation e^"'* • et = 5t't- 

After the compactification to four dimensions, the mass formula for the right movers 
takes the form 

-m\ = Nr + -p^fji - an, (4.2) 

where is the number operator which counts the bosonic and fermionic (both R and 
NS) oscillators. The constants an^L are the normal ordering for the Virasoro operators 
Lq and Lq, introduced in chapter 2. There we have showed that they get different 
values when considering the Ramond or the Neveu-Schwarz sector (we notice that these 
values were determined for the non-compactified theory, while different values will be 
calculated in the next section for twisted states arising in orbifold constructions). 
For the left movers in four dimensions the mass formula is given by 

^mi = Nl + \pipi - (4.3) 

where the left number operator Nl includes the spatial oscillators ciL^a^ and the left 
gauge contributions Q:L„a^. 

In eq. (l4.2l) and (|4.3I1 the contribution from the momenta p\ ^ can give rise to mass- 
less states for particular values of the parameters of the lattice A, such as the length 
of the basis vectors, the angles between them, a scale factor. Apart from these isolated 
values, massless states arise when momenta and winding numbers are zero 

as we can see from their definition in eq. (l2.45p . The toroidal compactification described 
so far provides a = 4 supersymmetric theory in four dimensions. 

In fact, let us show explicitly how four gravitinos are generated in this set up. In 
the massless spectrum, we notice the presence of the states 

^''-i/alO >i? ® aiilO >L , 6j,|0 >i? ® "-ilO >i > (4-4) 
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where i = 1,2 and j takes values in the compact space. The first combination provides 
spacetime vectors, the second state is in the Ramond groundstate and transforms as 
an 150(8) chiral spinor, the opposite chirahty spinor being deleted by GSO projections 
used in the superstring construction. The weight vector notation for such a spinor is 
given byg = (±iib^ib|ib^), with an even number of "+". The SO{8) chiral spinor 
can be decomposed into representations of 50(2) x 50(6) G 50(8), with the 50(2) 
corresponding to the two transverse spacetime coordinates and the 50(6) referring 
to the six compactified coordinates. Hence, there are four spacetime spinors of each 
chirality, providing four gravitinos. The analogous notation is used for the NS right 
moving state, corresponding to the first entry in eq. (l4.4p and indicated hy q = (1, 0, 0, 0) 
(the underscore denotes that all permutations are included). 

For completeness we provide the massless physical states of the heterotic string in 
D = 10. 

Spectrum of the heterotic string 

\q >R xa^ilO >L '■ i = 1, "S supergravity multiplet, 

\q >R xd;:Li|0 >l ■ 1 = 1, --lO uncharged gauge bosons of Eg x Eg, 

\q >R xIp >i : 240 + 240 charged gauge bosons of Eg x Eg, (4.5) 

where \q >/j indicates both R and NS solutions, meaning that the bosonic and its 
correspondent fermionic state are present in the spectrum at the same time (susy su- 
perpartners). 

4.2 Orbifold construction 

So far we have shown that the toroidal compactification reduces our ten dimensional 
heterotic string to four dimensions, but the theory is not chiral. In order to obtain a 
phenomenological interesting A'^ = 1 supersymmetric theory, we consider the orbifold 
construction by starting with the toroidal case. A torus is created by the identification 
of points X of the underline space that differs by a lattice vector I £ T = 27rA 

f ~ X + r (4.6) 

In the toroidal compactification six spatial internal dimensions are compactified on the 
torus and the sixteen left-moving coordinates, corresponding to the gauge degrees 
of freedom, are compactified on the self-dual lattice T^gxE'^- is generated by the 
lattice A defined in the previous section, while T^^y,^/^ is given by the root lattice of the 
group Es X E'q. An orbifold is obtained when we identify points on the torus which are 
related by the action of an isometry 9, more precisely, an automorphism of the lattice 
{61 G 27rA) that preserves the scalar products among the basis vectors Ca G A, a = 1, ..6, 
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where the vector / = CaTia. In the following we indicate the lattice roots simply as e^, 
specifying the entries of the vector with a new label i when necessary. The orbifold is 
defined as 

n = TyPxTE,xEs/G, (4.7) 

where P is the point (isometry) group, G its embedding in the gauge degrees of free- 
dom. The construction of an orbifold depends on the choice of the point group P, its 
embedding G and the lattice T^. In particular, the requirement of = 1 spacetime 
supersymmetry is achieved by imposing P C SU{3). We restrict our discussion to an 
abelian P. In this case the point group is discrete and there are two possible choices : 

• P = Zn = {0'' \ k = 0,..N-l} 

• P = Zn x-'Zm = {OioOi^ \ k = 0,..N -1 andl = 0,..M -1} (4.8) 

where 9 can be seen as a rotation of 2-k/N ^ with N being the order of the twist. The 
gauge twisting group G is an automorphism of the x Lie algebra and its action 
is required in order to satisfy modular invariance. The six-dimensional torus can be 
written in the equivalent notation = R^/F when considering the identification 

X ~ 0x + /. 

The previous expression is useful when we define the space group, given by the set of 
elements 

S = {{e,l)\ eeP, lelirA}. 

By using the previous definition the following equivalence holds: T^/P = R^/S. 

The inner automorphism of the £"8 x £^8 algebra can be realised |114| by a shift 
in the root lattice and the embedding of a generic element of S is implemented by 

{0,naea) (fTy/,na(T^7), 

where cr^/ corresponds to the action of the shifts Aa in the gauge lattice. These shifts 
are the gauge transformations associated with the non-contractible loops given by Ca 
and they are called Wilson lines. 

We can finally present the orbifold action on the spatial compact coordinates and 
on the gauge degrees of freedom 

X' ^ {exy + riaei , Xi^Xl + V' + UaAl (4.9) 

In particular, if we use the complex notation a = 1, 2, 3, for the compact dimensions 
X^' '^, the action of 6 is simply 

0k - Z'^ ^ e^^ikv-'Z" (4.10) 
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where the vector v = {vi,V2,V3) corresponds to the twist action 

e'' kv. 

Since the number of independent cycles on a six-torus is six, we could initially think 
that there are six independent Wilson lines. However, the lattice vectors defining the 
torus are generally related by the point group symmetry, thus some of the Wilson lines 
are identified. We will clarify this statement when we consider our example in section 
(|4.3p . Differently from the toroidal compactification, in orbifold backgrounds there are 
singular points, the so-called fixed points, where the metric is not isomorphic to R^. 
This is a crucial feature of orbifold models, related to the presence of twisted sectors in 
the spectrum. A fixed point is defined by Xj = {O^XfY + nacjj, for i = 3, ..8. We will 
show the explicit derivation of the fixed points for the Z2 x Z2 orbifold with a given 
compactification lattice in the second part of this chapter. 

At this point we show how the twist vector v"" has to be fixed to achieve = 1 
supersymmetry. Since P is abelian, it must belong to the Cartan subalgebra of SO{<o) 
associated with the coordinates A^' "^. If the generators of this subalgebra are indicated 
as M^^, M^^ and M^^, then the action of the point group element acts on the complex 
basis as 

e = exp[2m{viM^^ + usM^^ + v^M'^^)], (4.11) 
where \va\ < 1, a = 1,2,3. The condition P C S'f/(3) thus requires 

±vi±V2±v^ = Q. (4.12) 

The condition (I4.12p and the fact that the twist is a symmetry of the torus restrict 
the choices of P to the following possibilities: it has to be a Zjy symmetry with A^ = 
3, 4, 6, 7, 8, 12 or a Ztv X Zm symmetry, with A^ multiple of M and A^ = 2, 3, 4, 6 [TM 
I101| . In general there can be several lattices for a given P. The massless spectrum 
and the gauge symmetries are determined by the point group and not by the choice of 
the lattice. We point out that when the space group is taken into account, then the 
embedding into the gauge lattice £"8 x £'§ provides properties depending on the lattice. 
A complete list of point group generators for Z^r and Z^r x Za/ C S'f7(3) orbifolds can 
be found in p2j . 

4.2.1 Consistency conditions 

The embedding of the point group P into the twist gauge group G is an homomorphism 
of the lattice, thus for a A^ order twist the action of NV^ corresponds to the identity 
on the root lattice. The same principle holds for the Wilson lines and these conditions 
are translated into the equations below 

NV(^Te,^Es , NAaeTE,y<Es- (4.13) 
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Modular invariance has to be required in order to guarantee anomaly freedom and in 
the orbifold construction this requirement is implemented by the following conditions 

iV(y2 _t;2) = 0(mod2), 

NV ■ Aa = O(modl), 

NAa ■ A = O(modl), 

A^A^ = 0(mod2). (4.14) 

For X Zjvf orbifolds the previous relations can be generalised. For instance, in the 
second part of this chapter, when the Z2 x Z2 orbifold is introduced, it will be defined 
by two independent twist vectors vi and ^2, while the standard embedding is realised 
by the shifts Vl and The first two formulae in eqs. (|4.14l) must hold for both of 
these vectors. Moreover, the Wilson lines conditions in eqs. (|4.14|) must be fulfilled by 
both these vectors as well. 

4.2.2 Generalities on the spectrum 

There are different ways in which the closed boundary conditions can be satisfied on an 
orbifold. This leads to the conclusion that there are two types of strings, the untwisted 
string closed on the torus before the identification of points by the twist, and the twisted 
string which is closed on the torus after imposing the point group symmetry. This is 
simply resumed in the following expression 

X3-8(r, a) = ^'=X3-8(r, 0) + n.e,, (4.15) 

where the untwisted sector {k = 0) corresponds to the toroidal compactification, while 
the additional twisted sectors generate all new string states, localised at the points left 
fixed under the action of the elements {O'^ ^naCa) of the space group S. A generic element 
h £ S G has a correspondent operator h which implements the action of h on the 
Hilbert space. We call h a constructing element and denote the states localised at the 
corresponding fixed point by Hfi. Hence, since the orbifold is defined by modding out 
the action of 5 (8) G, then physical states must be invariant under the projection S (dG. 
We will explain this concept on an explicit example in section 14.31 
UNTWISTED SECTOR 

The untwisted states are those obtained by the heterotic string compactified on a 
torus which survive the 5" G projections. Below we rewrite eqs. (14. 2114.3(1 demanding 
the level matching condition and using the weight vector notation for the right movers, 
as introduced previously, 

ll^-l = = \< = ^p^ + Nl- 1 = 0. (4.16) 
Under the action of 5 G the left and the right states transform respectively as 
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Invariant states are created when the product of these eigenvalues is 1. We obtain two 
kinds of states, the gauge bosons providing the unbroken gauge group, and the charged 
matter states. The first set of solutions satisfies the conditions 

p • y = O(mod 1) , p • via = (0 mod 1) , (4.17) 

combined with right movers which are invariant under S. When considering right movers 
transforming non trivially, we get the second set of solutions. In this case, in fact, the 
only possible surviving states are those tensored with left states transforming as 

p-V = k/N{modl) , k = l,..N -1, p ■ Aa = 0{mod 1) . (4.18) 

The most important result in the untwisted spectrum is that three of the four gravitinos 
present in the toroidal compactification are projected out, giving a four- dimensional 
= 1 supergravity theory. 
TWISTED SECTORS 

The boundary conditions in eq. (|4.15|) for fc 7^ provide the massless states of the 
twisted sectors. Each twisted sector corresponds to a constructing element, previously 
called h. Obviously, the new boundary conditions change the mode expansions of the 
bosonic and fermionic oscillators, while the weight lattice has been shifted. In particular, 
we obtain \q >^= \q + kv >r and shifted momenta \p^ + kV^ +naAa >. The 

mass formula in each twisted sector reads as 

liQ + v^f -l + Sc = \ml = imi = ^{p' + v' + UaAaf + Nl-1 + 5c = 0. (4.19) 

In the formula above the quantity 6c is the zero point energy due to the moded oscil- 
lators. It can be calculated by 6c = ^Y2a=o^^(^ ~ ^")' where 77" = A;f'*(mod 1) and 
< 7?" < 1. We anticipate here that for the case of the Z2 x Z2 orbifold 

6c = 1/4. 

As mentioned already, in the twisted sector the oscillators are moded if they correspond 
to a complex dimension a where the twist acts non trivially, giving for example am-r?" 
for a bosonic oscillator. In this case the number operator N can be fractional. The 
physical spectrum is obtained after the projections under each element of S G. If we 
indicate with h = {6,naea] V,naAa) a constructing element of this group, the invariant 
states under h define the Hilbert space H^, as we stated at the start of this section. 
Now we consider a different element of the group, that we call g = {9,naea;V,naAa). 
If g commutes with h, then, by using the definition of twisted boundary conditions, 
we can see that the states invariant under g belong to H^. Moreover, all states in 
which transform non trivially under g have to be projected out. This reasoning has to 
be applied for all commuting elements of S G and the whole set that contains these 
elements is called centraliser 

Zh = {g £ S (g) G such that [h,g] = 0}. (4.20) 
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Requiring that non invariant states are projected out means that all the elements in the 
centraliser act as the identity on Hh. For each non commuting element g, [g, h] ^ 0, the 
procedure to apply consists in building linear combinations of states of Hilbert spaces 
Hh, Hg^g-i, ... Hgnfig-n, wlth = L ill ^2 X ^2 c as c it is always possible to 
restrict the previous procedure to a reasonable finite number of elements of 5 (8) G. 

4.3 Z2 X Z2 orbifold with 30(4)^ compactification lattice 

There are several lattices with Z2 x Z2 symmetry that can be considered to describe the 
torus. One of the simplest instances [MKIOH] is the factorisable = T^ xT^ x T^, 
with orthogonal roots Cj = (0, 0, .., i, .., 0), i = 1,..,6. The action of the point group 
in the Z2 x Z2 orbifold is given by PZ2XZ2 = {17^11^21^3}, where the trivial element 1 
generates the untwisted spectrum and 9k, k = 1,2,3, generate the twisted sectors. 63 
is the combination of the two independent twists 61 and 02- We present explicitly the 
twist vectors associated to each twisted sector 

1 ^ (0, 0, 0, 0) , ei^vi = (0, 1/2, -1/2, 0), 

02^V2 = (0, 0, 1/2, -1/2) , ^3 ^ ^^3 = (0, 1/2, 0, -1/2), 

where the four entries in the vectors refer to the spatial dimensions in complex coor- 
dinates. The space group is defined by 5" = {{kvi + lv2, riaCa | fc, Z = 0, 1, e Z)} and 
the twisted sectors are obtained by the combinations oi k,l = 0, 1. It has been shown 
[TOTl [TO8] that the factorisable = T'^ x x lattice needs proper Wilson hnes to 
provide three standard model generations, although it still does not realise the standard 
embedding of the hypercharge. For this reason we can conclude that the factorisable 
lattice can be considered a toy model in the class of orbifold constructions. We need 
to introduce more challenging cases to implement some interesting phenomenological 
properties. The next step is to consider different compactification lattices for the six- 
dimensional torus that for instance generate an inferior number of generations before 
even adding Wilson lines. Hence, we rely on two mechanisms for the generation re- 
duction, such as the introduction of Wilson lines and the choice of the lattice. Before 
entering into the details, we specify the fact that for the Z2 x Z2 orbifold the fixed 
points are actually two dimensional objects, thus providing fixed tori. They give rise 
to generations or anti-generations (representations of the symmetry group of the model 
under consideration in terms of multiplets which provide the Standard Model families, 
eventually after the breaking of the gauge group). The number of fixed tori depends 
on the compactification lattice and for this reason and appropriate choice of the lat- 
tice provides the options to decrease the net number of generations, often too many in 
orbifold compactifications. In the standard embedding the net number of generations 
is actually given by the Euler number, hence we compare the result obtained by the 
explicit calculation of the fixed tori for our model with its the Euler number. 
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As we have mentioned in the introduction, the SO (4)^ orbifold example is far from 
being a semi-reahstic model. Our point is showing how the presence of Wilson lines, 
that in general change drastically the outcome of a model, in this particular case do 
not modify the number of generations, for any choice of Wilson lines. The proof of this 
statement is shown at the end of the chapter. 

We introduce now our example, where is obtained by compactifying on an 
50(4)^ root lattice, whose basis vectors are given by the simple roots 

ei = (1,0,0,-1,0,0), 

62 = (1,0,0,1,0,0), 

63 = (0,1,0,0,-1,0), 

64 = (0,1,0,0,1,0), 

65 = (0,0,1,0,0,-1), 

66 = (0,0,1,0,0,1). (4.21) 

We remark here that the action of the orbifold on the 50(4)^ compactification lattice is 
non-factorisable, as it is obvious from the displacement of the entries in the roots (|4.2ip . 
This choice produces interesting consequences for the spectrum of the model. In fact, 
the number of fixed tori is reduced from 48 in the standard 50(4)^ to 12 for the case 
with skewed action on the compactification lattice, resulting into a drastic reduction of 
the number of generations. The derivation of the massless spectrum follows the rules 
given in the previous sections. We find convenient to obtain at this point some relevant 
information which will be used in the calculation of the twisted states. In fact, from the 
analysis of the 50(4)^ skew lattice, we obtain the fixed tori and the centralisers which 
are necessary for the discussion of the massless twisted states. 

4.3.1 Analysis of the lattice 

The study of a lattice consists of the following steps: 

• find the generators of the lattice, 

• look at the symmetries of the roots under the orbifold action, 

• calculate the fixed tori and the centraliser, 

• analyse the consistency conditions for the Wilson lines. 

We remind that we removed the vector symbol on the roots and any general vector 
lattice to simplify the notation. 
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Generators and symmetries 

The generators of the lattice are defined as the minimal shifts that, added to a fixed 
torus, provide exactly the equivalent torus. In order to make this concept more under- 
standable, we will illustrate the procedure to obtain the generators in the case of the 
trivial toruJl] of the 62 twisted sector 

{(xi,X2,0,0,0,0) \ xi,X2 gMVA^}. (4.22) 

The compactification lattice is generated by the vectors (2,0) and (0,2); in fact we 
need to satisfy the condition 

{xi,X2, 0, 0, 0, 0) = (xi + a,X2 + b, 0, 0, 0, 0) + ^ UiCi, (4.23) 

where the Cj are the 5'0(4)^ roots and a and b are the minimal shifts on the (xi, X2) 
coordinates of the 2-torus. The constants Oj have to be integer since we are looking for 
equivalent tori, meaning that they can differ only by 50(4)^ lattice shifts. Eq. 
can be written as 

xi, N , ^2. , ^ xi + a X2 + b ^ I 

Y(ei + 62) + Y(e3 + 64) = — - — (ei +62) H — (es + 64) + 2_^aiei. 

Requiring Oj G Z implies (a, 6) = (0(mod2), 0(mod2)). Hence, we are lead to the 
conclusion that the minimal shift is determined by the points (0, 0), (0, 2), (2, 0), (2, 2) 
and we can choose the two independent generators to be a = (2,0), b = (0,2). 

The symmetry of the roots (|4.21ll determines analogous results for the fixed tori 
in the 9i and the 63 twisted sectors, although this is not a general propert}§|. The 
symmetries of the lattice are derived by looking at the transformation properties of the 
roots under the elements 6i. 
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(4.24) 



We observe that there are three sets of roots {ei, 62}, {es, 64} and {es, 66}, which behave 
analogously under the twists. This means that the Wilson lines associated to each group 
must be equal, in particular A\=A2 , ^3=^4 , ^5=^Jf|. 



^The fixed tori for the Qi sector are calculated in the next section. 

^The S0(6)^ non factorisable lattice is an example where the fixed tori in the three twisted sectors 
have different generating elements [111) . 

^This result gives rise to the consistency conditions for the Wilson lines that we can possibly intro- 
duce in the case of the 50(4)'' skew lattice. 
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Fixed tori and centraliser 

In this section we present the fixed tori for each twisted sector of the model. The element 
in parenthesis on the right-hand-side of a fixed torus represents the constructing element 
for its correspondent centraliser. We have also specified if the torus provides a generation 
or an anti-generation to the twisted spectrum, a concept that will be explained later 
on. 

The fixed tori for the sector 9i : 

{(0,0,0,0,X5,X6)|X5,X6 GMV A2} 

{(l,0,0,0,X5,X6)|x5,a;6 G } 
{ (1/2, 0, 0, 1/2, X5 , xe) I X5, xe G mV } 
{(l/2,0,0,-l/2,X5,X6)|x5,a;6 G MV a2 } 

The fixed tori for sector 02 : 

{(xi,X2,0,0,0,0) \ xi,X2 G mVA^} , 

{(xi,X2,1,0,0,0)|xi,X2GMVA2}, 

{{xi,X2, 1/2, 0, 0, 1/2) I xi,X2 G mVA^ } , 
{(xi, X2, 1/2, 0, 0, -1/2) I X, y G R^A^} , 

The fixed tori for sector 63 : 

{(0,0,X3,X4,0,0)|x,y gMV a2 } ^ 

{(0,1,X3,X4,0,0) |X3,X4 GMV A^}, 

{(0,1/2,X3,X4,1/2,0)|x,2/GMV a2 } ^ 
{(0, 1/2, X3, X4, -1/2, 0) I X, y G } , 

Derivation of the fixed tori (147291) - (147321) 

Only the calculation of the fixed tori in 62 twisted sector is presented in detail, since the 
treatment for the other twisted sectors is similar. The mathematical condition which 
provides fixed tori in the 62 sector is the following 

e2T = T + Y,aiei, (4.37) 

where we indicate the generic torus as T = (xi, X2, X3, X4, X5, xg). Equation (I4.37P gives 

(xi,X2, -X3, -X4, -X5, -Xe) = (xi,X2,X3,X4,X5,X6) (ai, 0,0,-01,0,0) 

+(02, 0, 0, 02, 0, 0) + (0, 03, 0, 0, -03, 0) 
+(0, 04, 0, 0, 04, 0) + (0, 0, as, 0, 0, -05) 
+(0,0,06,0,0,06), (4.38) 



1 generation, (4-25) 

(ei -|- 62) 1 generation, (4.26) 

(62) 1 generation, (4.27) 

(ei) 1 anti-generation. (4.28) 

1 generation, (4.29) 

(es -I- 66) 1 generation, (4.30) 

(ee) 1 generation, (4-31) 

(65) 1 anti-generation. (4.32) 

1 generation, (4.33) 

(63 -|- 64) 1 generation, (4.34) 

(64) 1 generation, (4.35) 

(63) 1 anti-generation. (4.36) 
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or equivalently 



Xl 


= Xl + ai + a2 


X2 


= X2 + 03 + 04 


-X3 


= a:3 + 05 + 06 


— X4 


= X4 — Ol + 02 


-X5 


= a;5 - 03 + 04 


-Xq 


= X6 - as + 06 



(4.39) 



The first two equations restrict some of the coefficients by requiring the equivalence of 
fixed points (see eq. (|4.23ll ) oi + 02 = 03 + 04 = 0(mod2). We can distinguish several 
cases which give different solutions for the Xi coordinates 



• oi + 02 = 0; 03 + 04 

• oi + 02 = 2; 03 + 04 

• oi + 02 = 0; 03 + 04 

• oi + 02 = 2; 03 + 04 

If we take the case (I4.40p . for example, we would get 



, 
, 
2 , 
2 . 



(4.40) 
(4.41) 
(4.42) 
(4.43) 



Xl 
X2 
-2X3 
-2X4 
-2X5 
-2X6 



Xl 
X2 

05 + 06 

202 

2o4 

-05 + 06 



Let us consider initially the case 01=02=03=04=0, which implies (x4,X5) = (0,0). We 
are left with the equations 

' -2X3 =a5 + 06 

-2x6 = -as + a6 

which means looking for all (x3,X6) G [0,2] such that 05,06 are integers. The possible 
options are (x3,X6) G {0,1/2,1,3/2}. We note here that 3/2 ~ — l/2(mod2). It is easy 
to verify that the complete set of solutions is given by 

(X3, X6) = (0, 0), (M), (1/2, 1/2), (1, 1), ( 1/2,3/2 ), (3/2, 3/2), 

where the underline script indicates any solution obtained by swapping the entries. We 
can finally collect the results corresponding to the first case analysed and write down 
the fixed tori 

Ti = (xi,X2,0,0,0,0); r5 = (xi,X2,l,0,0,l); 

T2 = (xi,X2,l,0,0,0); n = (xi,X2,0,0,0,l); 
Ts = (xi,X2,l/2,0,0,l/2); = (xi, X2, 3/2, 0, 0, 3/2); (4.45) 
T4 = (xi,X2,l/2,0,0,3/2); Tg = (xi, X2, 3/2, 0, 0, 1/2). 



Among these solutions we have to select only the independent ones, since there are 
identifications up to shift lattices: 

^1 = Ts + 65 , r2 = Te + 65 , 

^3 = TV + 66 , r4 = Ts + 66 . 



(4.46) 
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The total independent fixed tori are then Ti,T2,T3,r4 as shown in eqs. (l4.29M.32l) . 

If we apply the same procedure for the other cases in eqs. (|4.41H4.43|) we notice 
that the solutions are redundant, reproducing equivalent fixed tori. For instance, it is 
straightforward to check that eq. (l4.43p may fix the constants 01=02=03=04=1 which 
provides the solutions in eqs. (l4.45p . Furthermore, we notice that for each case in (|4.401 
I4.43P there are several choices to fix the constants Oj. For example, eq. (|4.40ll can 
fix 01=1, 02=—!, 03=1, 04=— 1. This choice provides (x4, X5)=(l, 1)=(0, 0) + 62 + 
64, yielding exactly the same solutions obtained for the choice 01=02=03=04=0. An 
analogous calculation has been performed for the twisted sectors 61 and 63, whose results 
are shown in eqs. (1425^4:281 14:33ti4:36]l . 

In the analysis of the twisted sectors, the string states arising at the fixed points in 
general do provide a generation (or anti-generation) of fermions of the Standard Model, 
after the breaking of the gauge symmetry group into the Standard Model gauge group. 
For instance, if the gauge bosons of the model provide an Eq symmetry, a generation 
is identified by the supermultiplet which falls into the 27 representation of Eq, while a 
27 would indicate the anti-generation (the choice of generation/anti-generation w.r.t. 
the representation is a matter of convention). We are interested in the net number of 
generations for our model, thus we need to know what each fixed torus gives rise to. 
Let us consider a fixed torus under If the fixed points of this torus under the action 
of 9j, where i ^ j, are mapped onto points of the same torus, then that torus provides 
a generation. In the case where this torus is mapped onto a different fixed torus in the 
same twisted sector, then these two tori give a generation and an anti-generation. By 
applying this reasoning to each fixed torus, we get a total number of nine generations 
and three anti-generations (hence a net number of six generations) in the twisted sector. 

Calculation for the centraliser 

The analysis of the compactification lattice proceeds with the calculation of the cen- 
traliser. This information will provide the projections under which the twisted states 
have to be invariant. For brevity we give the details only for sector 62, since the calcula- 
tion for the other Z2 x Z2 non-trivial elements 9i and 63 is a straightforward modification 
of the following derivation. 

The first step is to find the constructing element for each torus, which we call now 
g = {92,einv)- As mentioned in the introductory part, the centraliser is the set of all 
elements h = iOi, ^ OjCj) of the orbifold group that commute with g. This condition in 
the 62 sector is translated by the formula 

fliCi - 6'2(^ aiCi) = einv - 0j{einv) , j = 1, 2, 3. (4.47) 
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The invariant vector Cinv is determined for each torus by the transformation 



Ti 


= {xi, 


X2, 


0,0,0,0) 


02 {Xl, 


X2, 


0,0,0,0) +einv.i 


i^inv.l ■ 


= 0), 


T2 


= {xi, 


X2, 


1,0,0,0) 


O2 {xi, 


X2, 


1,0,0,0) +einv.2 


{^inv.2 


= 65 + ee) 


T3 


= {xi, 


X2, 


1 In 


O2 {xi. 


,X2 


1 1 


i.(^inv.3 


= ee), 




= {xi, 


X2, 


1 In 


02 (xi, 


.X2: 


1 1 

, — , 0, 0, ~ 2 ~'~ 




= 65), 



obtaining for each of the fixed four tori above the respective constructing elements 
gi = (6*2,0), 52 = (^2,65 + 66), 53 = (6*2,66), 54 = (6*2,65). Let US scc cxphcitly how 
we get the centrahser for the torus T2, for instance, by applying eq. (l4.47p . 

^ai6i - 6'2(^aj6i) = 65 + 66 - 0j{e5 + 66) , j = 1,2,3 , (4.48) 

will give the solutions for 61 and 62 : 05 = ae = 1; ai = 02; 03 = 04 and for the 63 the 
set of solutions : ai = 02; 03 = 04. The centrahser is then determined by all possible 
linear combinations of the previous constants w.r.t. the correspondent twisted sector. 
The final result is shown below 

^92 = (e2,e5+e6) = {/il = (6*1,65 + 66), /l2 = (6*1,65 + 66 + 61 + 62), 

hs = (6*1, 65 + 66 + 63 + 64), /14 = (6*1, 65 + 66 + 61 + 62 + 63 + 64), 
h = (6*2, 65 + 66), he = (6*2, 65 + 66 + 61 + 62), 

hj = (6*2, 65 + 66 + 63 + 64), hs = (6*2, 65 + 66 + 61 + 62 + 63 + 64), 
hg = (6*3, 61 + 62), hio = (6*3, 63 + 64), 

/ill = (^3,ei+ 62 + ,63 + 64)}. (4.49) 

None of these elements induce a projection on the states from the T2 torus because 
of the consistency conditions in section 4.3.1. For the trivial torus Ti there are obvi- 
ously no projections at all induced by the Wilson lines and this condition implies that 
the transformation laws of the massless states of Ti (and T2 for the same reason) are 
determined under 9i only. By analysing the centralisers of T3 and T4 we see that the 
transformations under the 9i sector are not defined, meaning that it is impossible to 
create invariant states by tensoring with the twisted right movers in 62 sector (in fact 
we will show later on that these transform as under Oi). This particular result 
depends completely on the choice of the compactification lattice. 

Fixed points 

A different way to calculate the net number of generations for a given model is to find the 
Euler number x of the orbifold under investigation. In case of the standard embedding, 
X gives the number of generations multiplied by 2. We are now interested to check the 
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validity of our previous result by determining X- The Euler number is provided by the 
formula 

^ = IGI ^ ^^-'^^ ' ^'i = 1'2,3 , (4.50) 

where |G| is the order of the orbifold group (in this case 2) with elements 6i, 9j and 
XOifij is the number of points which are simultaneously fixed under the action of 9i and 
9j. Again we decide to consider only the ^2 twisted sector where each fixed torus will 
provide certain fixed points under the action of 6i and 63. The condition 

(Ti-^iTi) = (2x1,2x2,0,0,0,0) 

is satisfied by the four points 

(0, 0, 0, 0, 0, 0), (1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0), (1, 1, 0, 0, 0, 0). (4.51) 

For the fixed torus T2 

(r2-0ir2) = (2x1,2x2, 2, 0,0,0), 
which is satisfied by the four points 

(0, 0, 1, 0, 0, 0), (1, 0, 1, 0, 0, 0), (0, 1, 1, 0, 0, 0), (1, 1, 1, 0, 0, 0). (4.52) 

Finally, 

(Tg-^iTs) = (2x1,2x2,1,0,0,0) 

has no solutions, such as the torus T4. The solutions (|4. 5111452]) are invariant under 0i, 
obviously invariant under 62 (since we are investigating the fixed tori under 62 sector). 
Therefore, invariance under 6*3 is guaranteed. We have identified eight fixed points of 
02 sector under all the three twisted sectors so Xe2,ei = 8. In the same way we find the 
other contributions X8i,9-i ^ind X02,93 which will totally give 

The number of generations is then N = x/2 = 6. This confirms our previous result on 
the net number of generations. 

4.3.2 Introduction of Wilson lines 

A Wilson line is a vacuum expectation value for an internal gauge field component 
Ai, where the index labels the direction along the lattice vectors (|4.21|) . As we have 
mentioned already, the maximum number of independent Wilson lines depends on the 
compactification lattice and for the SO (4)^ skew case we get only three possible inde- 
pendent Wilson lines that can be added. The orbifold action on the vectors generating 
the 50(4)^ lattice (see table 14.241) provides the consistency condition for these Wilson 
lines 

2Ai, A1+A2, A3 + A4, A + ^6GAesxes, i = l,...,6. (4.54) 
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We note that the first condition holds for any Wilson lines, for any lattice. 

The effects of Wilson lines in the orbifold construction are threefold. First, the 
modular invariant conditions are more restricted for the choice of the embedding 
and new constraints are introduced. Secondly, in the untwisted sector they introduce 
new projections, breaking the gauge group. Finally, in the twisted sectors, the massless 
equations change with respect to each fixed point and this provides different left states 
from the case with no Wilson lines. Moreover, the transformation laws of these states 
change, accordingly to the formula 

\p + kV + UaAa >L^ ^2^i(p+kV+naAa)ilV+n.aAa) |p + A;F + UaAa >L, (4.55) 

where the fixed point considered here is given by the constructing element {6^, UaCa) and 
the projection is performed under the elements of the centraliser h = {6\ niaea). The last 
step in the derivation of the spectrum is tensoring left-moving and right-moving states 
to obtain invariant objects under the full space group. The modification introduced by 
the Wilson lines is that now the states have to be invariant under the centraliser, which 
is a subset of S. The particular choice of our compactification lattice does not allow us 
to reduce the total number of generations with the introduction of Wilson lines, as we 
explain in detail at the end of the chapter. The other interesting implication due to the 
presence of Wilson lines is the breaking of the symmetry group and we will show how 
this is realised in a particular case. In |108lllll] the visible gauge group has been broken 
into SO{W) or SU{5) or into the Standard Model gauge group SU{3) x SU{2) x U{1) 
plus additional ?7(l)s. The nice breaking pattern is not enough to get semi-realistic 
orbifolds, since in fact in the previous examples many phenomenological requirements 
could not be implemented. 

In this section we show how the breaking of the hidden Eg — > 50(8)' x 5*0(8)' is 
realised, in order to explain some technical details regarding this sort of calculation. 
Few remarks on the choice of Wilson lines are listed below. 

• We note that Wilson lines with entries G {0, ±1/2, ±1} break the initial gauge 
symmetry to S0{2n) subgroups, while entries ~ ±1/4 produce SU{n) algebras. 

• If we want to break only the hidden (observable) sector, the Wilson lines have to 
have only non-zero entries in the second (first) 8 dimensional vector. 

• Wilson lines containing a single entry equal to 1 project the spinorial roots (|4.61|) 
or (I4.63P in the untwisted sector by the projection condition ■ = O(mod 1). 

• The modular invariant conditions in eqs. (|4.14|) have to hold for any choice of 
Wilson lines. 

Keeping in mind the previous observations, we proceed by introducing the following 
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Wilson lines 




(4.56) 



It is easy to verify their modular invariance: Vi^2 ■ = O(mod 1); ■ Ap = O(mod 1), 
13 ■ Al = O(mod 2), a, /3 = 1, ..6. 

Each 50(8) factor has rank four, thus the total initial rank is not reduced. We know 
how many roots to expect for the algebra of each 50(8) by using the relation 

^50(8) - -^50(8) = T.R.so{8) ^ 28 - 4 = 24, 

where D is the dimension of the group, R its rank and T.R. the number of total root 
weights. By applying the projections induced by the Wilson lines on the initial roots of 
£"8, in eqs. (14.621) and (I4.63p . only the following roots survive 

/ = (0'^)( ifcl, ±1,0, ,0, 0,0,0) , / = (0^)(0,0,0,0, ifcl, ±1,0,0 ) , (4.57) 

providing in fact the algebra of a 5*0(8) x 50(8) group. 

4.3.3 Massless Spectrum 

The massless spectrum of the model is produced by the solutions of the eqs. (l4.16p and 
(|4.19|) in the untwisted and in the twisted sectors respectively. An invariant solution 
is obtained by tensoring right- and left-moving solutions which survive the orbifold 
projections. 

Untwisted spectrum 

The untwisted massless spectrum is derived by solving equation (I4.16p . Subsequently, 
we have to look at the invariant states under the action of the orbifold group of Z2 x Z2, 
where a generic element is indicated by G = {6i,naea',V/ ,naA^^). We write explicitly 
the definitions of the oscillator number operators N and N in the Neveu Schwarz (NS) 
and in the Ramond (R) sector. We remind that the right sector is supersymmetric while 
the left one only contains bosonic oscillators. 

00 00 00 00 

NnS = ^-n^n + riblj>i - 2 ' ^R = Y1 + Yl "^^-ndi , 

n=l n=l/2 n=l n=0 

00 
n=l 
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where we have called the fermionic oscillators in the Ramond sector and included the 
values of aL,R- 

The total set of bosonic and fermionic oscillators which can transform under the 
orbifold action is given below in the light-cone gauge. For brevity we drop the tilde on 
the right oscillators and differentiate the bosonic left and right oscillators with the label 
L, R when needed. Moreover, the complex conjugate oscillators are indicated by a bar. 

a* at 6* V d' 

It is convenient to use here the complex notation for the bosonic and for the 
fermionic coordinates in the compact dimensions, i = 1,2,3. As anticipated before, the 
transformation properties for these oscillators in the compact dimensions are 

If we consider only the massless contributions, we obtain the terms 

' ^-1/2 ' ^-1/2 5 '^0 ) '^0 ' ^0 ' '^^-l ' '^-1 ' '^-1 • 

The right moving solutions are obtained from the massless equation (I4.16p . The corre- 
spondence between SO{8) weight roots and oscillators is given in the table below, where 
the transformation laws under 0i and 62 are also provided. 



Right Oscillator 


Weight 


Oi 


O2 


"-1/2 


(±1,0,0,0) 


1 


1 


0=1 
"-1/2 


(0,1,0,0) 




1 


0=2 
"-1/2 


(0,0,1,0) 






Vi+-i 
-1/2 


(0,0,0,1) 


1 




jM=i,2 
"0 


±(1/2,1/2,1/2,1/2) 


1 


1 


ji=l 
"0 


(1/2,-1/2,1/2,1/2) 




1 


M='2 

"0 


(1/2,1/2,-1/2,1/2) 






"0 


(1/2,1/2,1/2,-1/2) 


1 





The phases of a'^.^ , , oi^_-^ in the right and in the left sector are analogous 

to ' b-1/2 ' ^-1/2- The oscillators of the gauge degrees of freedom a^Jl^ are in- 

variant under the action of the twists. The correspondent complex oscillators transform 
obviously with opposite phases. In the left sector the solutions of the massless equation 
can be oscillators and momenta , roots of £"8 x £'§ lattice. The orbifold projection for 
the is given by 

G{p) = e^'^'P'-^' = 1. (4.59) 

Its solutions give rise to the gauge bosons which describe the symmetry of the theory. 
Solutions which pick a phase under the previous projection can still survive the 
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total projection of the orbifold when they are tensored with non invariant right states, 
transforming with opposite phase w.r.t. the left contribution. These are the charged 
matter states. We show now how the projections produce the bosons of the unbroken 
gauge group. The roots of the Eg x E'^ lattice are of the form 

• / = (±1,±1,0,0,0,0,0,0) (0)^ (4.60) 
. = (±1/2, ±1/2, ±1/2, ±1/2, ±1/2, ±1/2, ±1/2, ±l/2){0f (4.61) 

• / = (0)^ (±1, ±1,0, 0,0, 0,0,0) (4.62) 
. = (0)8(±l/2, ±1/2, ±1/2, ±1/2, ±1/2, ±1/2, ±1/2, ±1/2) (4.63) 

The roots (l4.60f[46T]l produce the observable sector while the vectors (I4.62f[463]) give 
the hidden sector. In the standard embedding the shift vectors Vi and V2 are 

yi = (l/2,-l/2,(0)6)(0)« , ^2 = (0,1/2, -1/2, (0)5)(0)^ 

hence it is straightforward that no roots are projected out for the hidden sector, when 
applying condition (|4.59|) . The surviving roots from the observable sector are instead 

/ = (0,0,0, ±1,±1,0,0,0 )(0)' , 

/ = iil/2f{±l/2fm\even-) , / = i{-l/2fi±l/2f)i0f{odd-). 

Finally, we have obtained 240 invariant roots for the hidden Eg and 72 invariant roots for 
the observable sector. The last ones represent the weight vectors of the exceptional Lie 
group Eq, as it is derived by the analysis of the simple roots |115| . From the complete 
set of roots at hand, only fourteen are simple roots, corresponding to a rank 14 algebra. 
However, the rank 16 of the gauge group is not reduced, meaning that there are two 
additional U{1) symmetries. The final gauge group is 

Ee X ^7(1)2 X E'^. 

In the table below we list all the invariant momenta and the matter states with their 
transformation laws. 





Oi 


O2 


(0,0,0,±1,±1,0,0,0)(0)« 


1 


1 


((l/2)^(±l/2)^)(0)^(even-) 


1 


1 


((-l/2)^(±l/2)^)(0)^(odd-) 


1 


1 


(a)(±l,0,0,±l,0,0,0,0)(0)« 




1 


(6)(0,±1,0,±1,0,0,0,0)(0)« 






(c)(0,0,±l,±l,0,0,0,0)(0)« 


1 




(a)(0,±l,±l,(0)5)(0)8 




1 


(6)(±1,0,±1,(0)^)(0)« 






(c)(±l,±l,(0)'')(0)« 


1 




(a)(±(l/2,l/2,-l/2),(±(l/2)^)(0)«* 


1 




(6)(±(l/2,-l/2,l/2),(±(l/2)^)(0)«* 






(c)(±(-l/2,l/2,l/2),(±(l/2)^)(0)«* 




1 
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The * indicates that we have to consider an odd number of"—" for the last five entries 
if the first three entries have a "+" sign in front, in the other case we take an even 
number of —1/2 entries. The untwisted massless spectrum is summarised below. 



XLlglll lllUVci 




J_Jci L lllU V ci 


L ai iicie 


(±1,0,0,0) 




(±1,0,0,0) 


Gfiu ) B^i, , (p 


±(1/2,1/2,1/2,1/2) 




(±1,0,0,0) 


^'^ ± h.c. 


(±1,0,0,0) 


® 


(0,0,0,±1,±1,0,0,0)(0)8 








((-1/2)3, (±l/2)5)(0)8 


\ 






((±1/2)3, (±l/2)5)(0)« 




±(1/2,1/2,1/2,1/2) 




(0,0,0,±1,±1,0,0,0)(0)8 








((-1/2)3, (±l/2)5)(0)8 








((±1/2)3, (±l/2)5)(0)8 












"-1/2 ' "O 




o?L\ 




^^-1/2 ' '^0 












(a) 




"-1/2 ' "O 




(b) 




"-1/2 ' "O 




(c) 





In the table above we have used an analogous notation for left compact oscillators, 
see table 14.581 where, as usual, the first entry of the vector corresponds to the com- 
plexified transverse spacetime dimension, while the last three are the complex compact 
dimensions. The first set of states provides the supergravity multiplet and the super 
Yang Mills multiplet, the second gives rise to the moduli and the last provides^ 3 (27, 1) 
& Eq X Eg as the solutions are given in three combinations a, b and c. 

Twisted sectors 

We derive the spectrum for one twisted sector only since the analysis is analogous in 
the other cases. For instance, we solve the massless equations for the fixed tori of 02 

*Th.e total number of states provided by the set (a), for instance, is 56. We note that 27 of them 
transform with a certain phase, the other 27 pick exactly the opposite phase, indicating two opposite 
helicities. There are two singlets which we are neglecting at the moment. Each chiral hypermultiplet 
with its CPT partner is combined to give one chiral supermultiplet of A'^ = 1 supersymmetry in four 
dimensions. 
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sector 

(4.64) 

\. (4.65) 





2 

. 

4 


1. ^2 3 
2 4 






2 

4 


= ^(p + Va + As + Ae)^ 


+ N 


Ts 


2 

■ 4 


= ^^+^2 + ^6)'+^^- 


3 

"4' 


74 


2 

■ 4 


= \{v + V2 + A^f + N ■ 


3 

"4' 



(4.66) 
(4.67) 

while the right massless equation does not change for the different tori and it has been 
presented in eq. (l4.19p . As we said, for the Z2 x Z2 orbifold 5c= 1/4, thus the twisted 
right movers have to be solutions of {q + V2f' = 1/2. These solutions are showed in the 
table below with their transformation properties 



Right movers 61 62 

91,.^ = (0,0,-1/2,-1/2) 1 

q2,sh = (0,0,1/2,1/2) 1 

91,,,, = (-1/2, 1/2, 0,0) 7^ I 

g2,.h = (1/2,-1/2,0,0) 7^ 1 



where qi^sh and q2,sh correspond to the Ramond shifted oscillators. We only consider 
the qi^sh solution tensored with the left twisted states since the q2,sh is exactly the right 
contribution of the correspondent antiparticles. In fact, we will find a certain number of 
left states, solutions of the left massless equation, which transform with opposite phase 
of qi^sh, providing invariant states. At the same time the same number of left movers is 
present in the massless spectrum with opposite transformation phases, giving invariants 
if combined with the q2,sh- Only one set of these solutions has to be considered, as 
anticipated before. Moreover, we note that the spectrum is supersymmetric since any 
left solution tensored with qi^sh, for instance, and providing an invariant state, is also 
automatically invariant when multiplied by the Ramond right qi^sh- 

For completeness, we provide the right oscillators with their transformations in the 
twisted sector 62 

a\ a\; a\; a\_^i^; al_^i/2; aLi/2; «n+i/2; (4-68) 

<+p^<+p; ^n-p; ^'-1/2+p; ^n+i/2-p; ^Li/2+p;C+i/2-p; (4.69) 

where p = in the Ramond case (d* oscillators) and p = 1/2 in the NS (6* oscillators) 
respectively. For the left compact oscillators we have analogous expressions to eqs. (|4.68p . 
while the oscillators for the gauge degrees of freedom do not transform under the twists. 



78 



We solve eq. (|4.64|) to obtain the contribution to the massless spectrum from the 
trivial torus of 62 sector. We distinguish two cases, when = and when N = 1/2. A 
remark is to be done at this point. When looking for the pl^ift^ '^^^Y consider the 
roots (I4.60p . (I4.6ip . (I4.62p and (|4.63|) . but also all their linear combinations, as long as 
they still satisfy the massless equation. Keeping this in mind, we obtain the following 
results: for = 0, 56 Ps^ift are found, half of which take a phase e 2 while the others 
transform with opposite phases (as explained before, only one set of these solutions is 
considered); if A'' = 1/2, only one pl^^ff satisfies the massless equation. In total the 
trivial torus provides the states in the table below. 



Oscillators 


^shi ft 


Right oscillator 


number of solutions 


A^L = 


(±1,-1/2,-1/2, 0^)(0«) 


qi,sh 


2 




(0,1/2, 1/2, ±1,04)(08) 


qi,sh 


10 




(-1/2,0,0, (±1/2)5)(0)S even 


Ql,sh 


16 


Nl = 1/2 : al 


(0,1/2, -1/2, 0^)(0«) 


Ql,sh 


1 


Nl = 1/2 : al 


(0,-1/2, 1/2, 05)(08) 


Ql,sh 


1 



To identify the representations of the twisted states we rewrite these weights as Dynking 
labels, with respect to Eq and 30(8)' x 30(8)' . Each multiplet is identified by grouping 
the states with same U{1) charges. If we indicate with a^, i = 1, ..6, the simple roots 
of Eq^ given in (IC.lj) in Appendix C, and with Oj, j = 9, ..12 and a^, k = 13, ..16 , the 
simple roots of the two 30{8) gauge groups (we are not interested here in classifying 
the states under the hidden gauge group, since the potential standard model particles 
are singlets under it), then for every root we need to calculate 

PdLei, = {o:i-P^^(^2-P^,a3-p\a4-p^,a5-p^,aQ-p\)Q^^Q2, 
^^^so(8); " ■ • /)> PDLgo^^y^ = (ai3 • ai6 • (4.70) 

where the Qi and Q2 charges are obtained by Qi = Hi — H2 and Q2 = Hi+ H2 — 2H3. 
This procedure is shown in Table c.l in Appendix C. 

We provide below the final result for the contribution of the massless states for the 
trivial fixed torus Ti, where the notation indicates the representation of the multiplets 
under the gauge group Eq x 5*0(8)' x 30(8)' and the apex gives the Qi^2 charges: 

N = ^ (i,i,i)-ii (i,i,i)l'-i, 

iV = (l,l,l)|-i, (27, l,l)-i-i. (4.71) 

This torus provides a generation under the Eq gauge group. By performing the same 
calculation for the other fixed tori of 62 we find out that the T2 torus provides exactly 
the same content of Ti, and this is due to the property A5 + Aq £ Aigxie- If no Wilson 
lines are introduced in our model, we expect eqs. (l4.66p and (I4.67P to reduce to (I4.64p . 
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providing a generation and an anti-generation, plus a certain number of singlet states. 
Then, the total contribution from and T4 to the net number of generations is zero. 
When we switch on the Wilson line we automatically get a huge change in both 
eqs. (l4.66p and (I4.67p . giving obviously the same contribution. In this case the choice 
of Wilson lines (I4.56P only produces hidden charged states, projecting the generations 
under the observable gauge group. 

To conclude, the particular choice of our compactification lattice reduces the number 
of fixed tori to four par each twisted sector, providing a total number of nine generations 
(from the fixed tori ^2B,^M, dEZD, ^M, ^M, ^M, ^M, (SSD, ^M) 
and three anti-generations (from the fixed tori (|4.28ll . (I4.32p . (I4.36P ). We showed that, 
independently on the choice of Wilson lines, there is no way to project out any of these 
generations. This is in fact a limitation of the 50(4)^ lattice. 
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Chapter 5 



Construction of partition functions 
in heterotic x models 

In this chapter we discuss some examples of heterotic superstring models compactified 
on shift orbifolds. In particular the cases presented are four dimensional shift orbifolds 
on which a Z2 or a Z2 x Z2 projection acts on the internal tori. 

As we explained in chapter 4, in the standard orbifold compactification the string 
coordinates are identified under internal inversion operations, for instance the Z2 gen- 
erators correspond to vr rotations. The shift orbifolds are instead created by the action 
of discrete shifts on the basis vectors of the compactification lattice. The result of this 
operation can lead to the implementation of the Scherk-Schwarz mechanism for the 
spontaneous supersymmetry breaking. In quantum field theory the same mechanism 
is obtained by shifts on the internal Kaluza Klein momenta [TOl I116j . while in string 
theory a more general procedure is given when introducing momentum or winding shifts 
along the compact directions |117l 11181 1119j . while preserving modular invariance. The 
different choice for the two types of the shift will produce the so-called Scherk-Schwarz 
breaking or the M-theory breaking |120l 1121) . 

In this thesis we will consider the simple case of a one-dimensional momentum shift- 
orbifold with Z2 or Z2 x Z2 action. 

5.1 Shift orbifold 

In this section we are interested in looking at a simple example of shift orbifold realised 
in heterotic models. Thus, we start from the partition function of the Eq x Eg heterotic 
string in 10 dimensions. 

Z+EsxEs = {%- S^){Oie + 5i6)(Ol6 + Siq). (5.1) 

The next step is to compactify on a factorisable six torus of the form T'^xT^ X and 
introduce the shift in one compact dimension 

6: x^ ^x^ + nR, 6^ = 1. (5.2) 
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The shift orbifold is generated by the elements 

(I,ei(-l)^«i5,e2(-l)^«2<5,eie2(-l)^ei+^e2) = (1, eia, £26, eiesa^), 

where F^-^ is an internal fermion number in the sector describing the first Eg gauge 
group and F^^ is an internal fermion number in the sector describing the second Eg 
gauge group. The parameters ei^2 £ lead to different models. In this section we 

consider the case with the group elements (1, a, b, ab), where ei_2 = 1, and show in detail 
the derivation of the resulting partition function. 

An other interesting case is when the group elements are given by (1, — a, 6, — a6), 
obtained when ei = — 1 and £2 = 1, and show in detail the derivation of the resulting 
partition function. This result will be presented briefly in section 15.31 

Let us note first that the action of the previously introduced operators on the lattice 
and on the S0{2n) characters is given by 

^ • ^m,n ^ ( 1) ■^m,n 

i-lf^^ : (OieMe)* ^ (Ol6M6)^ 

(5i6/Ci6)i ^ (-5i6/ - Cl6)^ , (i = 1, 2) . (5.3) 

Now let us introduce the projection operator 

X l±S=fli ^ (-1)-'.^ + . (-1)-'.--). (5.4) 

where the sign + refers to the first case , and the — refers to the second case. 

The partition function in eq. (|5.ip after the compactification on the six-torus becomes 



Z'^Es.xEs = (^8 - 5'8)AiA2Am',n'Am,ri(Ol6 + 5'l6)(Ol6 + 'S'le)- (5-5) 

Ai and A2 are the two lattices for two-dimensional tori, while the third two-torus has 
been factorised into two circles to facilitate the implementation of the shift. The full 
partition function which is obtained from eg. (15.51) and is invariant under the orbifold 
group (|5.4p is given by 

Ztot = Zqq + ^ Zqi + '^{ZiQ + Zii) + Co ^ Zij, (5.6) 

where i,j £ {a, b, ab} and the constant cq, called the discrete torsion, multiplies a mod- 
ular invariant orbit. The first two terms in eq. (|5.6ll correspond to the total contribution 
of the untwisted sector of the orbifold and are given by 

Zq = Zofl + Zo^ab + ^0,a + ^0,fe = 

= ^(T^ - 5^)AiA2A„/,„/A„,„[(C'i6 + Sie){Oie + Sie) + (Oie - 5i6)(Oi6 - ^le) 
+(-l)'"{(Oi6 - Sie){Oie + Sie) + (Oig + 5i6)(Oi6 - ^le)}]- (5.7) 
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The term 2^o,afe is obtained by acting on the eq. (|5.5|) with the operator ab, and the third 
and the forth contributions (^o,a, ^0,b) are respectively given by acting with operators 
a and b on the eq. (l5.5ll . In a similar way the last two terms in (|5.6p correspond to the 
twisted sector which contributions have to be calculated. In our model we choose the 
value of Co to be +1. We can rewrite the untwisted sector (|5.7p as 



2o = ^(y8-58)AlA2A^^n'An^,n[(Ol60l6 + 5l6Sl6) + (-l)™(Ol60l6- 516^16)], (5-8) 

that can be rearranged, by using the formula (IA.12jl in Appendix A, into the form 

-2^0 = (^8 - 5'8)AiA2Am',n'[A2m,n(Oi60l6) + Mm+l,niSl6Sie)]. (5.9) 

The derivation of the twisted sector, neglecting for the moment the torsion contribution, 
is given by the action of T and S transformations of each term in (|5.8|) . We illustrate the 
procedure with a schematic picture below. These terms are given in (jP.lj) in Appendix 
D. 

T invariant S invariant 

2^0,ab ^ ^abfi ^ab,ab 

T invariant S invariant 

T invariant S invariant 

^0,b S Zb^o T Zb^b 



Zab,a 

IT 

Zba,b (5.10) 

We note that the calculation of the terms which contribute to the torsion is more subtle 
since we have to define the way the projections act in a twisted sector, while preserving 
modular invariance. If, for instance, we take the element Zafl, its a projection would 
provide a different result w.r.t. the element Za^a, obtained by a T transformation of 
Zafi- This means that we have to reproduce the same pattern of action when the 
projector b acts onto Zafl. The b operator contains the shift 6 which, in the twisted 
sector a produces a change on the lattice equal to {—^)"^^m,n+i/2- The first group of 
gauge characters, which transforms accordingly to a T transform for the Za^ element, 
in the b projection is untouched, while b acts on the second set of characters in the usual 
way, as if we are considering an untwisted element. The formula below summarises this 
procedure 

^a,b = J(T^-:S^)AlA2A^,,„,A„,„+l/2[(Fl6 + Ci6)(Ol6 +Si6)]} 

= {Vs- 5^)(-l)'"AiA2A„,,„,A„,„+i/2[(yi6 + Ci6)(Oi6 - Sie)]. (5.11) 



^a,6 ■^a,ab ^_£^ 

IS 

^b,a Zbfia ^ 
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At this point the remaining contributions are simply derived by an S and T transfor- 
mation chain 

2a,b Za^ab 2ab,a 2^ 2ab,b ^b^ab ^ Zft^Q. (5-12) 

These expressions complete the list of terms to get the full twisted sectors. 
ab twisted sector 

2ab,0 + 2^ab,ab + 2^ab,a + 2^ab,b = ^(^8 " Ss)AiA2Am',n'-^m,n 

[(^16 + Ci(i){Vie + Cie) + (^16 - Ci6)(Fi6 - C^e)] + 
co(-l)"[(-^i6 + CieWiQ + Cie) + (Fie + Ci6)(-Fi6 + Cig)]. 

(5.13) 

a twisted sector 

^afl + 2a,a + ^a,fe + 2^a,ab = ^(Vg — Ss)AiA2Am',n'Am,n+l/2 

[{Vie + Cie){Oie + Sie) + (-1)'"(-Vi6 + Ci6)(Oi6 + ^le)] + 
coii-inVie + Cie){Ow - Sie) + {-Vie + Cie){Oie - Sie)]. 

(5.14) 

b twisted sector 

^b,0 + Zb,b + Zb,a + Zb,ab = ^(^8 — 'S's) Ai A2Am',n' Am,n+l/2 

[{Oie + Sie){Vie + Cie) + (-l)'"(0i6 + 5i6)(-Vi6 + Cie)] + 
co[(-l)'"(Oi6 - Sie){Vie + Cig) + (Oig - 5i6)(-Fi6 + Cig)]. 

(5.15) 

The S and T transformations used to derive the previous terms are given in Appendix 
(|A.9j) . Putting these results into (15.61) we finally obtain 

-2^- = (Vs — S'8)AiA2Am/^„/ [A2m,n{OieOie + CieCie) + A2m+i,n('S'i6'S'i6 + Vie Vie) 
+ ^2m,n+i (OieCie + CieOie) + A^^^^^^^i^ (Vie^ie + S'leVie)] . 

(5.16) 

At this level, the model presents = 4 supersymmetry in four dimensions and a 
50(16) X 50(16) gauge group. This model contains gravity and Yang Mills fields as 
its massless excitations. In the next section we examine the Z2 orbifold of (I5.16P and 
discuss its massless spectrum. 
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5.2 Partition function of the heterotic £"8 x £"8 shift orbifold 
superstring with Z2 action 



In this section we consider the Z2 orbifold of the partition function (|5.16|) . The model 
obtained by this further action has N = 2 supersymmetry in four dimensions and 
£•0(4) X 50(12) X SO{l&} gauge symmetry. 

The Z2 is generated by the elements (1, h) where h acts on the (complex) coordinates 
of the internal factorised torus = T'^ x X r2 as 

We consider the standard embedding, thus the element h acts non-trivially on the gauge 
degrees of freedom of the heterotic string as well. For this reason it is convenient to 
decompose the SO{2n) characters in such a way to keep O4, V4, 84 and C4 factors (on 
which the element h acts non-trivially) explicit. The new partition function reads like 

^Tot = Zqq + + Zho + Zhh, (5-17) 

where Zqq is the untwisted term with no projection that corresponds exactly to (I5.16p . 
The following term Zq^ is obtained by acting with h onto the previous, while an S 
transformation produces the third term which, after a T transformation, provides Zh^. 
If we decompose the characters by applying formula (|A.8p . then the first term in (|5.17ll 
becomes 

Zoo = - [F4O4 + 04^4 — 5454 — C4C4] Ai A2 Am',n' X 

[(A2„,„ + A2„^„^i )(040i2 + ViVi2 + C4S12 + SiCi2){0ie + Cie) 

+ (A2^,„ - A2^_„+i)(040l2 + ViVi2 - CaSi2 - SiCi2){OlO - Clo) 

+ {A2m+l,n + A2„+l,„+i )(^40l2 + 04142 + 8^812 + 040i2)(yi6 + ^le) 

+ {^2m+l,n - A2^,„+l )(T^40i2 + 04^12 " O4O12 " 8i8i2){VlG " ^le)] ■ 

(5.18) 

The action of the twist, imposed by the Z2 action on the characters, has to be consistent 
with worldsheet supersymmetry [47l 11221 llOOl I101| and can be shown explicitly by 
applying the properties of the ^-functions into the definitions of the characters in (jA.Sp . 
These properties hold for the spacetime degrees of freedom 

O4 ^ O4, ^ -^4, 

5*4 — > — 5*4, C4 O4, (5.19) 
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and for the gauge degrees of freedom as well, 

Ol6 = 040i2 + W2^ 040l2-nV^12, 

VlQ = ^4012 + 04^12 ^ -V4O12 + 04^12, 

SiQ = 54512 + C4C12 ^ —5'4S'i2 + C4C12, 

C16 = SiCl2 + C'4S'i2 — > — 5'4Ci2 + C4S'i2, (5.20) 

where we have used the 50(4) x 50(12) decomposition of the 50(16) characters. We 
finally get 

2oh = -7 [ — 1^404 + 04^4 + 5454 — 04(74] Am/^„/| — I X 
4 02 

{iA2m,n + A2m,n+l)iO^Oi2 " ^4Vl2 + 045i2 " 540i2)(Oi6 + Oig) 
+ {Mm,n — „_,_i )(040i2 — V4yL2 — O4512 + 540i2)(Oi6 — Oig) 

+ (A2m+l,n + A2m+l,n+^ 

){-ViOi2 + O4V12 - 545i2 + 040i2)(yi6 + 5i6) 
+ {Mm+l,n - A2^,„+i )(-V^40i2 + 04^12 " O4O12 + 545i2)(yi6 " Siq)} . 

(5.21) 

The twisted sector is obtained by performing S and T transformations on each term 
of the previous expression. In particular the S transformation of Zq^ gives Zho while 
the T transform of the last one provides the Zfih- It is indicative at this point to show 
explicitly the procedure for at least the first contribution of (I5.2ip . 

Prom section [A. 1.21 in Appendix A we get the following S transformation laws: 

(o + y)4,i2,i6 ^ (o + y)4,i2,i6 , (0-y)4,i2,i6 ^ (5 + 0)4,12,16, 

(5 — 0)4,12 ^ (—5 + 0)4,12 , (5 — 0)i6 ^ (5 — 0)i6, 

(0 + 0)i6^(0 + 0)i6, (5.22) 

where the indices refer to the characters of 50(4), 50(12) and 50(16) respectively, 
and provides 

(-F4O4 + O4F4 + 5454 - O4O4) = ^[-(O + F)4,4(0 - F)4,4 + (O - F)4,4(0 + F)4,4 

+ (5 + 0)4,4(5 - 0)4,4 + (5 - 0)4,4(5 + 0)4,4] 5 ^[-(O + F)(5 + O) + (5 + 0)(0 + V) 



-(O - V){S - C) - {S - C){0 - V)U,A = {-OS -VC + SV + C0)4,A. (5.23) 

In section (|5.2.ip we will show the transformation laws of the bosonic contributions 
and in Appendix A their modular transformations are presented. By applying those 
expressions we can write 

2ri 2r] 

Arrx',n'|-^|'^ X (^2m,n + Ag^^^^ i ) S^A^/^^/ 1 — j"^ X {A2m,n + ■^2m,n+^) ■ 
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The gauge degrees of freedom contribution becomes 

(O4O12 - ViVi2 + - 54C12) = \[{0 + V){0 -V) + {0- V){0 + V) 

-{C + S){C -S) + {C- S){C + 5)]4,i2 5;^[(0 + V){S + C) + {S + C){0 + V) 
+ {0 -V){C -S)-{C - S){0 - y)]4,i2 = {OC + VS + CV + 50)4,12, (5.24) 

where the notation has been explained before. 

We now apply the same procedure to all the other terms contained in Zq^^ obtaining 
the expression 

ZhQ= \[- F4C4 + 54F4 - O454 + C4O4] km'^n' X 16| ^ 1^ X 
4 [74 

{{K2m,n + A2™,„+1 )(^45l2 + S^Oi2 + O4C12 + CiVi2){0iQ + Cig) 

+ (A2m+l,n + ^2m+l,n+\)iOiSi2 + SaVi2 + VaCi2 + CaOi2){Vi& + ^le) 

+ {K2m,n - A2^,„+|)(-^4Sl2 + SaOi2 " O4C12 + 04^12) (Oig " Cig) 

+ (A2m+l,n - A2„+i „+i )(-045l2 + 54^12 " ^4^12 + CaOi2){Vi(, " ^le)}- 

(5.25) 

The calculation which provides Zhh consists in applying the T transformation for each 
term in the above result. As the procedure is analogous for every contribution, we show 
only the T action on the first term, which we reproduce here again 

(-F4C4 + 54F4 - O454 + C404)A^',„' X 16||-|^ X (A2™,„ + A2„ „+l ) 

(^4^12 + 54O12 + O4C12 + 04^12) (O16 + Cie). (5.26) 

In the formulae below we factorise a global sign obtained from the phase-prefactor of 
the T transformation, given in (|A.9P 

Tso{4) = e~^'^/^diag{l,-l,i,i), 
Tso{i2) = e"*''/^(imc/(l, -1, -i, -i), 
Tsoiw)=e-''^/'diag{l, -1,1,1), 

XsXieXiG T e*-/3e-4W3 XgXieXie = -XgXigXie. (5.27) 

The spacetime factors transform as 

-F4C4 + 54F4 - O454 + C4O4 ^ i(-F4C4 + 54F4 + O454 - C4O4), 

while the bosonic contribution is given by the expression below (here we are omitting 
the transverse bosons) 



1^1^ X (A2„,„ + A2 , 1 ) ^ 1^1' X (A2^,„ + A 
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Finally, the contribution from the gauge degrees of freedom gives 



VaSi2 + .S4O12 + O4C12 + CiVi2 ^ -^(-V4.Sl2 + O4C12 - SiOi2 + C4VI2). 

(5.28) 

We observe that the term (O + C)i6 — ^ (O + C)i6 remains invariant also under T. The 
combination of these results leads to the final expression 

Zhh= -A- V^C^ + 54F4 + O454 - C4O4] Am',n' X 16| ^ |4 X 

{{k2m,n + A2„,,„+i )(^4Si2 + 54O12 - O4C12 - C4V^12)(Ol6 + Cig) 

+ (A2m+l,n - A2^+i,„+i) (-04^12 - ^4^12 + 1^4^12 + CaOx2){-Viq + Sie) 

+ (A2„,,n - A2^ ,,+ 1 )(-F4-5i2 + S4O12 + O4C12 - C4yi2)(Ol6 - Cig) 

+ (A2m+l,n + A^^+i ^^+i) (04.^12 - ^4^12 - F4C12 + C4C»12)(-V^16 - -^ig)}- 

(5.29) 

5.2.1 The bosonic contribution 

In this section we present some useful details, used already in the construction of the un- 
twisted and twisted heterotic Z2 partition function, concerning the bosonic contribution 
to each of these sectors. 
Untwisted sector : 

11 111111 

|jy|2 |j^|2 |j^|2 |j^|2 |j^|2 |j^|2 |j^|2 |j^|2 ' 



where 



;i=2,3 spacetime 6 compactified dimensions 



1 _ 1 1 

|^|2 ^ ^ 



Now, since the Z2 action gives ^ — >■ |^ when a e*'^ acts on each complex dimension, we 
obtain 

„ 1 1 „ 4 4 

^00^:3=8 ; ^^h^ 7.202 _2^2- 
'V 'V 'V f'2 77 ^2 

Twisted sector : It is sufficient to apply S and T transformations on the previous 
result 

4 4 4 

' ^ S {-^) T {- ' 



for the right contribution, reminding that the analogous result holds for the left bosonic 
part. Combining both sectors, the bosonic contribution resulting in the twisted contri- 
butions is given respectively by 

4 4 ^ 4 4 

■^hO ~' __9/i'7 ^^9. ' -^hh ^ ^2/32 _o7j2 ' 



„2/32_2^2 ' "nn ^2q2 _2-^ 



3 
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It is useful for later purposes to expand in powers of q the right ( and in q for the left) 
bosonic contribution. In first approximation 



^Qh 



1 



g-i/i2(i + 4^1/2 + (5 30) 



5.2.2 Spectrum 



We have now all the ingredients to provide the untwisted spectrum of our model, which 
is obtained by the following sum 



A 



2m,n 



{{O4V4-C4C4 
+ (F404 - ^4^4 
+^2m,n+l {{O4V4-C4C4 
+ (F404 - ^4^4 
+A-2m+l,n {(04^4 — C4C4 
+ (^404- ^4^4 
^^2m+l,n^ {{O4V4-C4C4 
+ (F404 - ^4^4 



) [(O4O12O16 + C^SMe)] 

) [(^4^12016 + S4C12C16)] } 

) [(O4O12C16 + C4S12O16)] 
) [{V4Vi2Cie + S4C12O16)] } 
) [(O4F12F16 + C4C12516)] 

) [{VAOuVie + S4Si2Siq)] } 

) [(04^12^16 + C4Ci2Viq)] 
) [(^40l25l6 + S4S12V16)] } . 

(5.31) 



As announced previously, we are interested in the massless states, whose expansion is 
provided below. The first two terms give the untwisted right contributions, the last four 
provide the untwisted left massless terms. 



04V"4/C4C4 



F4O4/.5454 



^1/3^1/12(1 + + ..)^l/12(4^-l/2 + ^ 4^0 ^ 



^8 
O4O12O 



- 4g° + .. 



16 



V4Vi20ie 



q-^/^{l + 8q + ..)q-^/^^{l + 6q + ..)g~^/''(l + 66q + ..)g~^/^(l + 120g + ..) 



~ V + 6-?° + 66g° + 120g° + .. 



77° 



_ ^-1/3^-1/12(4^1/2 ^ ..)g-l/4(4^1/2 + ..)g-l/3(l + I20g + 

~ 16q° + .. 



(5.32) 



Summing up, in the untwisted sector one has = (1, 0), Z? = 6 SUGRA multiplet and 
the Yang-Mills multiplet, partially projected by the Z2 action, provided by the terms 



O4O12O16 04^4-C4C4 F4F12O16 V4O4-S4S4 
5 X 5 , 5 X 5 . 



(5.33) 



A similar calculation is performed for the twisted sector, where we present the full 
spectrum 



^hO + ^hh 



16 

2 ^m',n' ^ 



A2m,n{ [( - V^C^ + S^V^) iV4Si2Cie + 54O12O16) 

+(-04^54 + C404) (04C12C16 + C4F12016)' ' ^ 



X 



+ [( - y4C4 + 54F4)(04Ci2Ci6 + C4F12O16) 

+ (-04^4 + C4O4) (^4^12^16 + 54O12O16)] X (^^pj^ - ^^pj^)} 
+A2m,n+i { [( - ^4^4 + 54F4) {V4S12O1G + SaOuCiq) 

+(-04^4 + C404)(04Ci20i6 + C,V,2C,e)] X + ^^pi^) 

+ [( - F4C4 + 54F4) (04C12016 + C4V12C16) 

+ (-04^4 + C404)(F45l20l6 + 54O12C16)] X ij-^^ - ^^ij^)} 

+A2m+l,n{ [( - ^^4^4 + S4F4) (.S4V12F16 + ^4Cl2Si6) 

+ (-0454 + C4O4) (04512^16 + 04012^16)] X ( , ,^ + ^ 



+ [( - F4C4 + S4V4) (O^SuSie + C4O12F16) 

+ (-04:^4 + C4O4) (54^12^16 + ^4^12516)] X ij-^^ - J^^^)} 



+^2m+l,n+| { [( - ^4C4 + ^4^4) (^4^12516 + V^CuVie) 

+(-0454 + C4O4) (04^121^16 + C^OuSie)] X ( , J, ,^ + 



|r?|^l^4|^ N^|^3|^^ 
+ [( - F4C4 + S4V4) (O^SuViQ + C4O12-S16) 

+ (-0454 + C4O4) (54^12516 + V^CuV,,)] X - ^^)} 

(5.34) 

The twisted massless states form a N = 1, D = 6 half hypermultiplet are provided by 

CiVi20w OiS.j - C.,Oi S4O12O1G Pa's. I - C.1O4 
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The relevant expansions for the massless contributions in eq. (l5.35l) are presented below, 
for the right and left contributions respectively 



1/12-1/12 



+ 6r ' + ..)2r '/'(I + 4r ' + ••) ~ 2^° + .. 



massive 



7° + .. 



^ ^-1/124^1/22^1/6(1 + 4^ + ..)q''/\l + 66q + + 120g + ..) 

~ 8q° + ... (5.36) 



5.3 A string model with no gravity 

It is interesting to consider a variation of the previous model, obtained by a the shift orb- 
ifold with group elements (1, —a, b, —ab), with the choice of the torsion constant cq = 1. 
The modular invariant string theory derived from this orbifold action is characterised 
by the absence of the graviton in its full spectrum. This result leads us to the possible 
interpretation of a little heterotic string, in connection with [1231 11241 11251 [T26] . Many 
interesting properties of this kind of model can be investigated by the string thermo- 
dynamics at nonzero temperature [1271 11281 11291 1130| . The basic idea is to generalise 
the partition function by adding the temperature dependence and obtaining (I5.16P and 
(|5.37l) as particular cases |131| . 

We quote the expression of the partition function after the orbifold action, which is 
indicated by Z'_ to distinguish from the partition (I5.16p . 

[A2m,n(5'l60l6 — CieCie) + A2m+l,n(Ol6'S'l6 — ^16^16) 

+ A2„^„+i (5i6Ci6 - CieOie) + A^^^^ „+i (Oigl/ie - V^ie^ie)] ■ (5.37) 

We observe that, although (I5.37P is a modular invariant string vacuum, it does not 
respect the spin-statistics, since the bosonic contributions to the partition function 
should arise with positive terms while the fermionic contribute with negative terms. 



This principle obviously does not hold for the partition function (|5.37p . 

Prom the expression above one can see that the zero mass spectrum of the model 
contains no gravity because of the absence of the term OieOie in the left sector. More- 
over the adjoint representation is missing as well so the gauge group cannot be defined 
either. We consider a Z2 action of the orbifold and provide its spectrum. The de- 
tails of the techniques used for the Z2 projections have been widely explained in section 
EH 
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Untwisted sector 



^'oo + ^'oh ^ ^m,n X ^2m,n { {O4V4 — C4C4) [(C4C12O16 — C/iSuCie)] 

+ (F404 - 54^4) [(54512O16 - 54C12C16)] } 
+-^2m,n+| { (^4^4 " C4C4) [(C4C12C16 — (^4512016)] 

+ (^404 — 5'4S'4) [(5'4S'i2Ci6 — S'4Ci20l6)] } 
+A2m+l,n { {O4V4 - C4C4) [i040i2Vie - 04^12^16)] 
+ {V404 - S4S4) [(14^12^16 - 140l25i6)] } 
+^2m+l,n^ { (O4F4 - C4C4) [(O4O12-S16 - O4V12V1Q)] 
+ {V404 - S4S4) [(.V4VUS1G - V40i2Vie)] } 

(5.38) 

The massless untwisted contributions are given by 

C4C12O16 04^4 — C4C4 54512O16 V4O4 — S4S4 

^8 X =8 ' ^8 X =8 ' l^-^yj 

since right and left contributions give 

C4C12O1Q g Q S'4S'i20i6 6 

^8 2 ^ ' — 2 g , 



7]° rj° 



O4V4 ,_n ^404 



S4S4 Q C4C4 Q 

^8 , M ■ 

r]° r]° 

From the expressions above one can read the content of the massless spectrum in 
terms of the six-dimensional N = (1, 1) (which gives in D = 4 N = A supersymmetry 
upon the dimensional reduction to four dimensions) SUSY multiplets. In particular one 
has 2^ massless (1, 1) multiplets, whose bosonic part contains one vector and four scalar 
fields. 

We remind that this string solution is not physical, since the graviton does not 
appear in the untwisted spectrum. However, it represents a consistent solution for its 
modular invariance. Thus, the question arises: what role this solution plays in the 
string theory, if any? 

For completeness, we proceed the calculation by presenting the twisted sector. 



92 



Twisted sector 



16 

2 ^m' ,n' ^ 



A2m,n{ [( - + S^Vi) (F4C12O16 - ^4^12^16) 

+ (-04^4 + C4O4) (O4512O16 - O4C12C16)] X (- ^ 



+ [( - F4C4 + 54y4)(045l20l6 - O4C12C16) 

+ (-04:^4 + C404)(F4Ci20l6 - F4512C16)] X (^^J^ - ^^)} 

+^2m,n+i { [( - ^4^4 + SiV^) {V^CMe - V^SuOiq) 
+{-0484 + C4O4) (O4512C16 - O4C12O16)] X ( I + 



+ [( - F4C4 + 54^4)(045i2Ci6 - O4C12O16) 

+(-04^4 + C404)(F4Ci2Ci6 - V,S^,0,,)] x - ^^)} 



+A2m+l,n{ [( - ^^4^4 + S4V4) (C4F12V16 - C4O12SW) 

+ (-0454 + C4O4) (540121^16 - 54^12^16)] X ij-^^ + ^^J^) 

+ [( - F4C4 + :S4F4) {S4O12V1G - 54^12516) 

+ (-04^4 + C404)(C4yi2Fi6 - C4O12S16)] X ij-^^ - J^^,)} 



+^2m+l,n+i { [( - ^4^4 + ^54^4) (C4V12-S16 - C^OuVie) 
+ {-0484 + C4O4) {S40uSm - 54^121^16)] X (^^pj^ + |^|4|g^|4 ) 
+ [( - F4C4 + S4V4) (540l25i6 - 54^12^16) 

. 1 ^ 

(5.40) 



+(-04^4 + C4O4) (^4^12516 - C,0^2V^,)] X (^^^ - ^^ij^)} 



The massless twisted contributions are given by 

O4S12O16 O4S4 — C4O4 

since right and left contributions give 

As it was for the case of the untwisted sector, one can group the massless spectrum 
in terms of six dimensional supersymmetry multiplets. In the twisted sector one has 
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D = 6 N = 1 supersymmetry (which gives in D = 4 = 2 upon the reduction to four 
dimensions) and the massless spectrum forms 2^ half-hypermultiplets. 

5.4 Supersymmetric Z2 x Z2 shift orbifold model 

In this section we present the partition function for the shift orbifold (|5.16p with the 
action of Z2 x Z2 orbifold. The main difference w.r.t. the case treated in section [52] 
is that the spectrum is not anymore completely determined by the modular invariance 
of one-loop torus amplitude and an ambiguity is present when projecting the twisted 
sectors. 

The fact that many different choices (consistent with modular invariance) can be 
made is described by a phase e, called the discrete torsion, which disconnects the modu- 
lar orbits [13211133] . An analogous situation was presented in the derivation of eq. (l5.1ip . 
In the case of Z2 x Z2 orbifold, the elements acting on the torus are given by 

! = (+ + +) , g = {+--) , / = (- + -) , h = {--+), 

where the notation means that each or " — " acts on the complex coordinates of 
each two-torus. The elements g, f and h generate three independent twisted sectors. 
The action of the orbifold group elements on the 50(2) characters corresponding to the 
three two-tori is given by the table below. 



Ti X T2 X T3 


O2 V2 S2 C2 


O2 V2 S2 C2 


O2 V2 S2 C2 


g: 


+ + + + 


+ — i —i 


+ — —i i 


h: 


+ — i —i 


+ — —i i 


+ + + + 


f: 


+ — i —i 


+ + + + 


+ — —i i 



In chapter 2 we presented the spin structures. They represent the building blocks 
for the partition function in orbifolds models. Their modular transformation properties 
can be presented with the schematic picture below 



Figure 5.1: Modular transformations for a generic amplitude in orbifold models, 
where a, b £ {l,g, h, /} for a Z2 x orbifold. 



which shows that the Z2 x Z2 orbifold needs at least two independent modular or- 
bits. For example, the element {g, h) cannot be derived from any untwisted amplitude. 
Therefore, to obtain the full partition function, we have to calculate each of the con- 
tributions shown in fig l5.2l where the empty and the coloured boxes are associated to 
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two independent orbits. We remind that the full partition has to be modular invariant. 
At the end of this section we provide the result of the partition function in a compact 



Figure 5.2: Modular orbits in Z2 x Z2 orbifolds. 

form in the case without discrete torsion (e = 1). In general, the value of the phase for 
the Z2 X Z2 case can be e = ±1 since it has to be of the same order as the generators 
of the orbifold. The explanations concerning the final form for the partition function 
(|5.43p are presented in the next sections and the definitions concerning the terms Tjj 
and Gij are given in Appendix D. 

The generic expression for a Z2 x Z2 orbifold partition function can be indicated as 

1+g+f+h 



Z' 



Total 



Tr 



(un. + tw.) " 



(5.42) 



where Zq in this case is given by eq. (|5.16|) . The explicit calculation of (I5.42P gives 
1 



>2^Total 



?ooAiA2Am',n'[^2m,n(Ol60l6 + C\qC\^ + A2 m+l,n 



+ ^2m,n+l (OmCm + C'leOie) + J^2m+l,n+^i^^eSl6 + SiqViq)] 

2ry 



+ TogAi\-^\'^Gog + To/ A2 1 I ^Go/ + TohA.m',n'\-^\^{-^2m,nGoh 



O2 ' t72 

A2m+l,nG'Qf^ + A2m,n+l/2G'o/i + A2 



^2m+l,n+l/2Goh} 

+ TgoGg0Al\-^\^ +TggGggAl\-^\'^ +TfoGfoA2\-^\'^ +TffGffA2\-^^'^ 



+ ThoAr, 



21] 



+ ThhAmn\-^\^ {A2mnGhh + A2m+1 ,nG'}^]^ + ^2m,n+l/2G'hh + ^2m+l,n+l/2G'hh} 



^{A2mnGhO + A2m+l,nG'f^Q + A2m,n+l/2G"/^0 + ^: 



2m+l,n+l/2 



G'ho} 



+ {TghGgh + TgfGgf + TfgGfg + TfhGfh + ThgG hg + ThfGhf) 



,2 



626304 



(5.43) 



where Ai, A2 and A^'n'^mn denote the three lattice sums associated to the three internal 
tori, as usual. The contributions of the transverse bosons is implicit here. 
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The details for the derivation of eq. (l5.43p are presented in the following sections, 
where we provide the main steps. In fact all the ingredients and the general methods 
have been presented extensively in the previous part of this chapter. The main difficulty 
for the Z2 X Z2 orbifold consists in handling correctly the numerous products of charac- 
ters which have to be transformed under S transformation. In fact they generate huge 
sums of terms which need some rearrangement to obtain a compact readable result. For 
this purpose a simple mathematica program has been used. 

5.4.1 Untwisted spectrum 

As in the calculation of eq. (|5.7p , the untwisted contribution is given by the sum of the 
projections w.r.t. the elements of the orbifold group of the initial partition function. 
The first four rows of eq. (|5.43|) indicate the total untwisted sector. 

The twisted sector is given by the sum of two pieces, the first is the S and T trans- 
formation of the untwisted contribution, the second is the new independent modular 
orbit with its S and T transforms. We provide some further information concerning the 
derivation of the twisted sector in the next section. 

5.4.2 Twisted sector h 

We present in the following the details for one twisted sector only, in particular the h 
sector, where the element G^g fixes the choice of the independent orbit for our model 
by a consistent projection. In the other two twisted sectors there is no need for such a 
choice since all elements are determined by modular transformations from the previous 
ones. For the determination of a twisted sector h we proceed, as usual, by taking the S 
transform of the untwisted element projected by h. An S transformation of G^h gives 

Gho = {S2G2O2O10 + G2S2V2V10 + S2S2V2O10 + C2G202yio 

+C2S2O2O10 + S2C2V2V10 + C2C2V2O10 + S2S202Vlo}Ow 

+ {^025'2Cio + O2V2G2S1Q + O2O2S2S10 + V2V2C2G1Q 

+V2O2G2S10 + 02^^252^10 + O2O2C2C10 + V2V2S2Sio}Cie. (5.44) 

The T transformation of (I5.44P provides the contribution Ghh and in its expression we 
include the total phase arising from the following overall phases 

Gho T iGhh , Tho T iThh ^ i x i x -I = +1, 

where the last —1 in the formula is the global prefactor obtained in the T transformations 
(see eq. dOTll l. 
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Ghh = {S2C2O2O10 + C2S2V2V10 — S2S2V2O10 — C2C2O2V10 

+C2S2O2O1Q + S2C2V2V1Q — C2C2V2O1Q — 5'25'2O2^10 }0l6 
+ {^O2S'2C'i0 + O2V2C2S1Q — O2O2S2S1Q — V2V2C2C1Q 

+V2O2C2S10 + O2V2S2C10 - O2O2C2C10 - V2V2S2Sio}CiG. (5.45) 

The independent orbit Ghg is obtained by the action of the g element onto Gho- The 
overall phase is included in the final expression (I5.46P and results from 

Gho iGhg , Tho _g iThg =^ i x i = -I. 

Ghg = {S2C2O2O10 + G2S2V2V10 + S2S2V2O10 + C2G2O2V1Q 

— C2S2O2O10 — S2G2V2V1Q — C2C2V2O10 ~ 'S'2>S'2O2Vl0 }0l6 

+(—!){ — V2O2S2C1Q — O2V2C2S1Q — O2O2S2S10 — V2V2C2C10 
+V2O2C2S1Q + O2V2S2CW + O2O2C2C10 + V2V2S2Sio}Cie. (5.46) 

We observe that the choice for our projection is not the conventional one since after 
performing the g action onto the gauge degrees of freedom we also added a minus sign 
in front of all the terms multiplying Cig. This operation provides a natural result for 
Ghg, meaning that the composition of the characters is analogous to Gho and Ghh and 
assures the modular invariance of the partition function. 

The T transformation of eq. (|5.46p provides Ghf which, as usual, includes the total 
phase from 

Ghg T iGhf , Thg T iThf ^ixix -1 = +1. 

^hf = {S2C2O2O10 + G2S2V2V10 — S2S2V2O1Q — C2G2O2V10 

—G2S2O2O10 — S2C2V2V10 + C2C2V2O10 + S2S202Vio}Oie 

+ {^O2S'2C'i0 + O2V2C2S1Q — O2O2S2S1Q — V2V2C2G1Q 

-V2O2G2S10 - O2V2S2G10 + O2O2C2C10 + V2V2S2Sio}Cie. (5.47) 

We have an important comment to make before discussing the relevant parts of the 
spectrum. In the untwisted sector generated by the h element there are gauge contri- 
butions (G"q^, Gq^, G'f^'f^) which are multiplied by massive lattices, not providing any 
low energy states. In the h twisted part these terms can still give a contribution to 
the massless spectrum (since we rearrange the lattices with the transformations (lA.lSp . 
The presence of the terms G'^q, G'^^q, G'^g and their T transformations will not provide 
massless states. Thus, we can neglect these contributions when we discuss the relevant 
part of the spectrum. 
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5.4.3 Torus amplitudes for the right and for the left sector 

In the result (I5.43P we have used the torus amplitudes defined in terms of the quantities 
Tij, i = 0,g, h, /, providing a simple and compact form for the partition function. 

TiO = TiO + Tig + Tih + Tif , Tig = TiO + Tig - Tih - Tif , 

Tih = no - Tig + Tih - Tif , Tif = TiO - Tig - Tih + Tif , (5.48) 

where the Z2 x Z2 characters Tij are products of the four level-one characters, defined 
explicitly in (|D.3p . The ordering of the four factors refers to the eight transverse di- 
mensions of spacetime. The first factor is associated to the two transverse space time 
directions. For the left sector we have 

Gio = gio + 9ig + gih + 9if , Gig = gio + gig — gih — Qif , 

Gih = gio - gig + gih - gif , Gif = gio - gig - gih + gif ■ (5.49) 

The content of the above definitions is given in (|D.2p . There we also provide the explicit 
expressions for the gauge contributions Gqj^, G'^h^ G'oh for the untwisted sector and G'^q, 
G'^Q and G'^q for the twisted sector. 

5.4.4 Massless spectrum 

The formula (I5.43P presents the full modular invariant partition function for the shift 
orbifold (|5.16|1 with Z2 x Z2 action. We notice that the only contributions from the 
untwisted spectrum, where we have neglected the accented expressions, come from 
the combinations 

Toofl'oo + Toggog + Tohgoh + Tofgof- (5.50) 

Our main interest is as usual the low energy physics of the model hence we will present 
here the massless terms, which can be expanded in powers of q by applying the relations 
of section [A3] in Appendix A. 



[V2020202 


— S2S2S2S2 - 


- C2C2C2C2] 


X [O2O2O2O10O16], 


[02V20202 


— C2G2S2S2 


— S2S2C2C2] 


X [(O2^2V^2Ol0 + V20202Vlo)Om 


[020202V2 


— C2S2S2C2 


— S2C2C2S2] 


X [{V2V2O2O10 + 0202V2Vio)Oie 


[0202V202 


— C2S2C2S2 


— S2C2S2C2] 


X [{V2O2V2OW + 02V202Vio)Ol6, 



(5.51) 

The gauge group of this model is given by G = SO{2)xSO{2)xSO{2)xSO{W)xSO{16) 
and the representations of the untwisted matter is provided in the following. 
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• Vectorial supermultiplet: 

[V2O2O2O2 - S2S2S2S2 - C2C2C2C2] X [O2O2O2O10O16] ^ 
[(2, 1, 1, 1) + (1+, 1+, 1+, 1+) + 1-, 1-, 1-)] X (1, 1, 1, 1, 1) 

• Two chiral supermultiplets: 

[O2F2O2O2 - C2C2S2S2 - S2S2C2C2] X [(O2^2^2Ol0 + V20202Vio)Oig] ^ 

[(1, 2, 1, 1) + 1+, 1+) + (1+, 1+, 1-, 1-)] X [(1, 2, 2, 1, 1) + (2, 1, 1, 10, 1)] 

• Two chiral supermultiplets: 

[O2O2O2 "^"2 - ^252^2^2 - 52C2C252] X [{V2V2O2O10 + 0202F2Vio)Oi6] ^ 

[(1, 1, 1, 2) + (1-1+1+1-) + (1+1-1-1+)] X [(2, 2, 1, 1, 1) + (1, 1, 2, 10, 1)] 

• Two chiral supermultiplets: 

[0202^^202 - C2S2C2S2 - S2C2S2C2] X [(F2O2^2Ol0 + O2^202^1o)0l6] ^ 

[(1,1,2,1) + (1-1+1-1+)(1+1-1+1-)] X [(2,1,2,1,1) + (1,2,1,10,1)]. 

In our notations we indicate with 1+ the two different chiralities of a spinor in the 
150(2) representation. This model has = 1 in four dimensions. 
The twisted sector gives rise to the only non- vanishing terms 

Tg05g0 + Tggggg + Tghggh + TgfQgf + ThOghO + Thff^hff 

+Thh9hh + Thfghf + Tfogfo + Tfggfg + Tfhg/h + rffgff, (5.52) 
whose massless contributions have been indicated in the following 

P2O2C2C2 - C2S2O2O2] X [(C2O2O2C10 + V2C2C2O10 + 025252^10)016], 



[02025252 - 


52020202] 


X [(52O2O2510 + F25252O10 + 020202Fio)Oi6; 


[02020202 - 


- C20202S2 


1 X [(0202^2010 + 52^202 Vio)0i6], 


[02525202 - 


S20202C2] 


X [(5252^20x0 + O2O2O2Fl0)Oi6], 


[02520252 - 


S202C202] 


X [(O252O2510 + 52F252O10 + O2O2O2Fl0)Oi6: 



[O2O2O2O2 - O2O252O2] X [(O2O2O2O10 + O2F2O2O10 + 520252^10)016]. 

(5.53) 

These chiral supermultiplets fall into the representations presented below. 
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• Three chiral supermultiplets: 

P2O2C2C2 - C2S2O2O2] X [(C2O2O2C10 + V2C2C2O10 + 02.^252^10)016] + 
P2O2S2S2 - S2C2O2O2] X [(S2O2O2510 + V2S2S2O10 + 020202^10)016] ^ 

[(1, 1, 1±, 1±) + (1±, 1±, 1, 1)] X [(1±, 1, 1, 16, 1) + (2, 1±, 1±, 1, 1) + (1, 1±, 1±, 10, 1)] 

• Two chiral supermultiplets: 

[O2O2O2O2 - 020202:^2] X [(O2O2V2O10 + .S25202Fio)Oi6] + 
[02^2^202 - 52O2O2O2] X [(S252F2O10 + O2O2O2Fl0)Oi6] ^ 

[(1, 1±, 1±, 1) + (1±, 1, 1, 1±)] X [(1±, 1±, 2, 1, 1) + (1±, 1±, 1, 10, 1)] 

• Three chiral supermultiplets: 

[O252O2S2 - S2O2O2O2] X [(O2S2O2S10 + ^2^2^2010 + 020202^10)010]+ 

[O2O2O2O2 - O2O252O2] X [(O2O2O2O10 + O2V2O2O10 + 520252lio)Oi6] ^ 

[(1, 1±, 1, 1±) + (1±, 1, 1±, 1)] X [(1, 1±, 1, 16, 1) + (1±, 2, 1±, 1, 1) + (1±, 1, 1±, 10, 1)]. 

We notice that the twisted massless spectrum contains two chiral supermultiplets 
in the spinorial representation of S'O(IO), plus few supermultiplets in the fundamental 
of S'O(IO) in four dimensions. This result concludes our chapter. 
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Chapter 6 

Conclusions 



In this thesis we focus our study on heterotic superstring theories and their apphca- 
tions to particle physics. In particular, we are interested in the search of semi-realistic 
four- dimensional superstring vacua which can reproduce, at low energy, the Standard 
Model physics. Motivated by the <S'O(10) embedding of matter in heterotic models, we 
investigate different schemes of compactification of the Eg x £^8 heterotic string from ten 
to four dimensions. A very successful approach is given by free fermionic models. They 
give rise to the most realistic three generation string models to date. Their phenomenol- 
ogy is studied in the effective low energy field theory by the analysis of supersymmetric 
flat directions. In the first example illustrated in chapter 3, the model content consists 
of MSSM states in the observable Standard Model sector. In that model, for the first 
time, we apply a new general mechanism that allows the reduction of Higgs content 
at the string scale by an opportune choice of asymmetric boundary conditions for the 
internal fermions of the theory. An additional result for minimal Higgs spectrum models 
is the fact that the supersymmetric moduli space is reduced as well, and this increases 
the predictive power of the theory. 

A common feature of free fermionic models is the presence of an anomalous ^7(1) 
which gives rise to a Fayet-Iliopoulos D-term that breaks supersymmetry at one-loop 
level in string perturbation theory. Supersymmetry is restored by imposing D and F 
flatness on the vacuum. Generally, it has been assumed that in a given string model 
there should exist a supersymmetric solution to D and F flatness constraints. Never- 
theless, in the second model presented in chapter 3, such as in the previous example, no 
flat solutions are found after employing the standard analysis for flat directions. The 
Bose-Fermi degeneracy of the spectrum implies that the cosmological constant vanishes 
while supersymmetry remains broken at the perturbative level. This unexpected result 
may open new possibilities for the supersymmetry breaking mechanism in string theory. 
By looking at a very different background, the one given by the orbifold construction, it 
is possible to obtain complementary advantages in the understanding of semi-realistic 
models, such as a more geometric picture of those. Moreover, in the case of Z2 x Z2 
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for special points in the compactification space, the correspondence with free fermionic 
models has been demonstrated. This connection offers interesting indications in the 
choice of "good" orbifolds, since the number of consistent models is huge and a guiding 
principle is needed. A specific Z2 x Z2 orbifold with a non-factorisable skewed com- 
pactification lattice has been analysed, where the reduction of the number of families 
is realised and suggests new way of investigating orbifold compactifications. No semi- 
realistic models are presented in this set up yet, nevertheless the possible combinations 
of a proper choice for the compactification lattice plus the presence of suitable Wilson 
lines provides new chances in the construction of semi-realistic models. A challenging 
outlook in this set up is the introduction of asymmetric shifts and twists. Indeed, these 
elements seem to be related with free fermionic models where asymmetric boundary 
conditions are imposed on the compact dimensions and are responsible for the most 
successful phenomenological features of these models. 

In the last chapter we present the formalism for the construction of modular invariant 
partition functions in heterotic orbifold models and, among a few examples, the case of 
a Z2 X Z2 shift orbifold model. The study of orbifolds with different projections should 
lighten the properties of the low energy spectrum and possibly provide some selection 
mechanism for semi-realistic vacua. For instance, a challenging project would be the 
realisation of the Higgs-matter splitting. This mechanism is viable with an orbifold 
projection that will allow to obtain string states uniquely from the untwisted sector and 
the matter states from the twisted sectors. This mechanism is already well-known in 
the free fermionic case. 



102 



Appendix A 



A.l T] and 6*- functions and modular transformations 

The Dedekind 77 function is defined as 

00 
p=i 



(A.l) 



We provide the modular transformations of ij and of the Teichmuller parameter r in 
terms of complex function and real components. 



T : 7/(1 + r) = e''^/! V^) , S : r){ ) = (-ir)^(r). 



T -.Tl —>■ Tl + 1 ; T2 —>■ T2 ; dTldT2 dTldT2. 



(A.2) 



S : Ti+ iT2 



1 



T 

TT 



drdr 



drdr 



Tl + IT2 TT \TT\^ 

The definition of the 6 function is given in both notations, as sum and as product 
formulae 



a 



{O\0) 



2 

^2niaP^^ JJ(1 - g")(l + g"+"-5e2'^^^)(l + g^'^'h e'^'^'f^) 



(A.3) 



and their modular transformations 



T : e 
S : 9 



a 
a 



(0|t + 1) = e" 



-iTia{a—l) 



a 



P+a-\ J 



(0|--)= (-iT)2 e 



-a 



(0|t), 
(0|r). 



(A.4) 
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A. 1.1 S0{2n) characters in terms of ^-functions 

^ _9j + &i _ 91-61 _ej+£r^ _ 9^ - i-e^ 

(A.5) 

It is useful to present the explicit expansions of the previous functions and the tj function 
in terms of powers of q, where q = e^*'^'^ 

n^l(l - q^Til + + n°^i(l - - gP-5)2'^ 



o 



2n 



q-^{l+n{2n-l)q + ...), 

n°^l(l - + gP-|)2" - n;^^(l - - qP-^ 



2n 



2g24n^l(l-gP)' 

q~^{2nq^ + ...), 



n , 1 



^ ^n~i(i-gfr(i+9T(i+9^-'r 

^2nr^2n — n — ; ; 

2g24n^l(l - gP)" 

2"-igi^(l + 2ng +...), 



q-2i{l+nq + ...), (A.6) 
where the definition of ^-functions and the binomial expansion below have been applied, 

(a + 6)" = ^ C ^ ^ a"-^6* = a'^ + C ^ ^ a"-^6 + ... . 

The decomposition of an SO{x + y) character into the product of an SO{x) with an 
SO{y) character is given by the expressions below: 

02n = O^Oy + V^Vy, V2n = V^Oy + O^Vy, 

— SxCy + CxSy, — SxSy + CxCy, 7) 

where 2n = x + y and x, y are even. 

In the study of the S transformations of the previous expansions it can be useful to 
rearrange (|A.7p with the relations 



aa + hh = 




+ b){a 


+ b) + {a 


-b){a 


-b)] 


aa — bb = 


liia 


-b){a 


+ b) + {a 


+ b){a 


-b)] 


ab + ba = 


liia 


+ b){a 


+ b)-{a 


-b){a 


-b)] 


ab — ba = 




-b){a 


+ b)-{a 


+ b){a 


-b)] 



(A.8) 

where a and b can be any of 0„, Vn, Sn,Cn- 
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A. 1.2 Modular transformations for S0{2n) characters 



The modular S and T transformations act on the characters as 



/ 02n \ 
V2n 
S2n 
\ C2n J 

( 02n \ 

S2n 
\ C2n J 



s 



( 1 

1 
1 

V 1 



T e 



1 

1 
-1 
-1 

/ 1 




V 



1 

-1 

r" -I 

-n 



1 \ 



1 

— n 



-I 



-1 

e 








Q gi?i7r/4 



/ 02n \ 
V2n 
S2n 
\ C2n J 

\ ( 02n\ 
V2n 
S2n 
J \C2n J 



(A.9) 



A. 2 Definition of lattice 

The partition function of a compact scalar on a circle of radius R is 

r?r? ^-^ 

' ' m,n 

where the chiral momenta are defined as 



(A.IO) 



m nR 

PL,R = ^ ± — • 
R a 

Therefore, if one of the non-compact coordinates of a critical string is replaced with 
a compact one, the continuous integration over internal momenta is replaced by the 
lattice sum ^^(^,)^(,) ^ Am,n. 

For the case of a d-dimensional torus the eq. (IA.lQ|) is generalised to 

Am,n = ^dY. g"'P^^"^^/V'^«3"^«/^ (A.ll) 
^ ^ m,n 

where pL,a = rua + ^{gab - Bab)n'', pR^a = ma + ^{gab + Bab)n^, gab is the metric on 
the torus and Bab is an antisymmetric NS-NS field. 

A. 2.1 Definition of shifted lattices 

In this section we present combinations obtained with the standard lattice A^^ when 
the shift 5 : Am,n — > i—^)"^-^m,n acts on it. Moreover we show their main properties 
whose demonstration is given in section [A. 2. 2[ 

i + (-ir 



^2m+l,n 



A. 



2m+l,n+i 



2 




l-(- 




2 




l + (- 




2 




l-(- 





A. 



A^ 



A, 



(A.12) 
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Transformation properties 



S , T invariant S , T invariant 



T invariant S invariant 



T invariant S invariant 



(A.13) 



A. 2. 2 Proof for the transformation properties ( IA.13I ) 

In this section we show how to derive some of the properties presented in the previous 
section. 

1) 5 invariance for A^.n- 

2) T invariance for A^^n and (— l)'"Am,n- 

3) ( — l)™'Am^„ ^m,n+l/2- 

The other relations shown in (lA.lSp can be derived with the same techniques below. 
It is useful to keep in mind the definitions of the general lattice (lA.lOp and the chiral 
momenta Pl,r- Moreover we can rewrite q and q in the convenient way 

q _ g27rir _ g27ri(ri+jr2) _ g27r(iTi-T2) - _ ^-2iTif _ g-27ri(ri - jr2) _ g-27r(jTi+T2) 

The Poisson resummation formula will be applied constantly in the demonstration of 
the previous statements, thus we provide its general expression below 

^-nmi-mjAij+irBimi _ ^ g-7r(mfc + ^){A"i)fe;(mi + ^) -j^^-j 

VdetA 

We start by demonstrating point 1). 

The best way to proceed is to rewrite the lattice sum in the more convenient form 

g2^(*n-r2)^(^ + ^) g2^(-*ri-r2)-{^-^) _ ^^^-^5^ 

m,n 

We notice that the ^ factor has been dropped for convenience. 
Let us simplify the two exponentials and rewrite 

2 2 2 

Eo ■ -r^^ f ''^ I n R \ 

^2n^T^mr^^-nr2a(^ + -^)^ ^^.^g^ 

m,n 

If we perform a Poisson resummation w.r.t. m we have 

a'T2 1 ^ . o- 

^/MA V^2 
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then eq. (IA.16|) becomes 



\ ^ —■K[m —T\n] —f — ~r-n " / , ^ _N 

= > e ^ ' ""^^^J^ . (A. 17) 

We expand the square and we obtain an exponential with four terms. Two of them can 
be rewritten as 

-{^+T2)n' = r— " • 

a T2 a' T2 

We apply now the resummation w.r.t. n 

_ R^\t^\ _^ 1 _ ^ _ 2i?Vim' 

a'T2 VdetA R\r\ ' T2a' 

which transforms (IA.17I) into 



^/a'T2 Rt2 



^e-(- ^)e-«W^"+^;^i . (A.18) 



We expand the exponents and use the equivalence 

/ ( ^ ~^ 1 P?) i P? ? 

Q!'r2 rr rra' 



to get finally 

1 -2nip^ra'n' - I^{n!^ + n!^) 

\t\ 



e e kF^ (A. 19) 



m' ,n' 



The expression above is equivalent to A^.n if we redefine 

~ |7|2 - '^1 ' |7|2 - '^2> 



(A.20) 



which is in fact the S transformation of r — > — 1/r. The prefactor l/|r| in (|A.19|) 
belongs to the transformation of 7777 (which we dropped at the beginning), showing that 
(|A.19P is the S transformation of (lA.lOp . 

The explanation for ■point 2) \^ very simple since the invariance under T is trivial 

r T r + 1 = (n + 1) + ira ^ A^,„ = ^ e2^(irimn) ^2™ g-^r2a'{^ + S^)_ 

r?i,n 1 

The quantity (— l)™'Am^„ is obviously invariant under T transformation as well. 
More algebra is involved for the proof of point 3). 

The main idea here is to show that (— l)'"Am,n(''") can be rewritten as A^ „^;^/2(''"')) 
where r' is given by (IA.20j) . Let us start with the definition 

(-1)"^A„,„ = ^e27rim(rin+l/2)g-7rr2^^^g-7rr2il^_ ^^21) 

•m,n 

By applying the Poisson resummation w.r.t. m 

a = ^ ' & = 2«(Tin + l/2), 
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eq. (IA.21l) becomes 



(A.22) 



m,n 



Rearranging the exponential and using the relation 

we get 

R sr^ -nR^n^^ 27r(m'-l/2)nlJ^ -n(m' -1/2)^ ^ 

_ \ e ^2"' e (A. 23) 



Vr2a' ^ 

m' ,n 

A Poisson resummation of (|A.23P w.r.t. n, where 



a 



-f , 6 = 2(m'-l/2)- 



r2a' r2a' 
will provide 



m' ,n' 

1 ^ _^^;2i^' „/2 _^(m/_i/2)2^5!;x _2W(m'-i/2)A7 

m',n' 

(A.24) 

As we said, once redefining n' ^ n, m' ^ m and identifying the transformed t' param- 
eter, we have obtained exactly the S transformation of the initial (IA.2ip . 

A. 3 Expansion of S0{2n) characters in powers of q 

This section presents the explicit expansions of the characters used in sections I5.2H5.4I 
for the searching of the massless spectrum. 



V2 = g~24(2g2 + ...), O2 = g~ 24 + g + ...), S'2/C2 = gT2(l + 2g + .. 

V4 = g-T5(4g5 + ...), O4 = g-i^(l + 6g +...), = 2q^l + Aq + .. 

Vw = q-MWq'^ + ■■■), Oio = (7"* (1 + 45(7 + ...), ^loMo = {1 + Wq + 

V12 = g^^(12g5 +...), O12 = g-i(l + 66g + ...), 512M2 = 2^q^{l + 12q + 

Vie = ^-^(16g3 +...), Oie = q-^l + UOq + ...), Sie/Cie = 2\l{l + 16q + 



The lattice sum contributes to the spectrum as 



^2m+i,n — *■ no massless solutions, 
^2mn+- ~^ no massless solutions, 
^2m+in-i-i no massless solutions. (A. 25) 
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Appendix B 



B.l Tables for two models with reduced Higgs spectrum 



F 


SEC 


5^7(3) X 
5^7(2) 


Qc 


Ql 


Ql 


Q2 


Qa 


Q4 


Q5 


Qe 




Ql 


Q% 


Li 


hi 


(1,2) 


3 
2 





i 

2 








i 

2 








(1,1,1,1,1,1) 








Qi 




(3,2) 


1 
2 





1 

2 








1 

2 








(1,1,1,1,1,1) 












(3,1) 


1 
2 


1 


1 

2 








1 

2 








(1,1,1,1,1,1) 








^ 1 




(1,1) 
(3,1) 


3 
2 
1 
2 


-1 
-1 


1 

2 

1 

2 










1 

2 

1 

2 










(1,1,1,1,1,1) 
(1,1,1,1,1,1) 










^1 




(1,1) 


3 
2 


1 


1 

2 








1 

2 








(1,1,1,1,1,1) 








L2 


62 


(1,2) 


3 
z 








i 


A 








i 


A 





(1,1,1,1,1,1) 








Q2 




(3,2) 


1 

2 








1 

2 








1 

2 





(1,1,1,1,1,1) 












(3,1) 


1 
2 


1 





1 

2 








1 

2 





(1,1,1,1,1,1) 












(1,1) 
(3,1) 


3 
2 
1 
2 


-1 

-1 






1 

2 

1 

2 











1 

2 

1 

2 







(1,1,1,1,1,1) 
(1,1,1,1,1,1) 
















(1,1) 


3 

z 


1 





_ 1 


z 








1 

2 





(1,1,1,1,1,1) 








L3 


^3 


(1,2) 


_ 3 
2 











i 

2 








i 

2 


(1,1,1,1,1,1) 








Qs 




(3,2) 


1 
2 











1 

2 








_ 1 

2 


(1,1,1,1,1,1) 








'-'0 

<^ 




(3,1) 

(1,1) 

(3,1) 


1 
2 
3 
2 
1 

2 


1 

-1 
-1 













1 

2 

1 

2 

1 

2 













1 

2 

1 

2 

1 

2 


(1,1,1,1,1,1) 

(1,1,1,1,1,1) 
(1,1,1,1,1,1) 














^% 




(1,1) 


3 
2 


1 








1 

2 








1 

2 


(1,1,1,1,1,1) 








h 


NS 


(1,2) 





-1 








1 











(1,1,1,1,1,1) 








h 




(1,2) 





1 








-1 











(1,1,1,1,1,1) 








01 




(1,1) 




















1 





(1,1,1,1,1,1) 








0i 




(1,1) 




















-1 





(1,1,1,1,1,1) 








^1 




(1,1) 


























(1,1,1,1,1,1) 












(1,1) 


























(1,1,1,1,1,1) 












(1,1) 




















1 





(1,1,1,1,1,1) 












(1,1) 




















-1 





(1,1,1,1,1,1) 












(1,1) 


























(1,1,1,1,1,1) 










1 + 64 


(1,1) 





-1 


1 

2 





1 

2 





1 

2 





(1,1,1,1,1,1) 


1 





CZ+ 




(1,1) 





1 


1 

2 





1 

2 





1 

2 





(1,1,1,1,1,1) 


-1 





D+ 




(1,2) 








1 

! 

2 





1 

! 

2 





1 

! 

2 





(1,1,1,1,1,1) 


1 









(1,2) 

















(1,1,1,1,1,1) 


-1 





cr 




(1,1) 





-1 


1 

2 





1 

2 





1 

2 





(1,1,1,1,1,1) 


1 









(1,1) 





1 


1 

2 





1 

2 





1 

2 





(1,1,1,1,1,1) 


-1 






Table 3. a. 
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F 


SEC 


SU{3)x 
SU{2) 


Qc Ql Ql Q2 Qs Qi Qb Qe 


SU{2)1 6 

\ /1,..,D 


Q7 Qs 


T+ 
C_ 

c+ 
r_ 


1 + 64 


(3,1) 
(1,1) 

(1,1) 
(3,1) 


f -i 

-| i -i 

iOOiOO-iO 


(1,1,1,1,1,1) 
(1,1,1,1,1,1) 

(1,1,1,1,1,1) 
(1,1,1,1,1,1) 


1 
-1 

1 
-1 


Di 

s[ 

Si 
S'l 


61 + 27 


(1,1) 
(1,1) 
(1,1) 
(1,1) 
(1,1) 


i -i 
i -i 
i -i 
000 -^^i 00 


(1,1,2,1,1,2) 
(1,1,1,1,1,1) 
(1,1,1,1,1,1) 
(1,1,1,1,1,1) 
(1,1,1,1,1,1) 




-1 -1 

1 1 
-1 1 

1 -1 


S2 

S'2 

D2 

S2 
S'2 


62 + 27 


(1,1) 
(1,1) 
(1,1) 
(1,1) 
(1,1) 


00-^0^0^0 
00-iO^O^O 

oo-io|oio 

-i i -i 

-i i -i 


(1,1,1,1,1,1) 
(1,1,1,1,1,1) 
(1,1,2,1,1,2) 
(1,1,1,1,1,1) 
(1,1,1,1,1,1) 


-1 1 
1 -1 



-1 -1 

1 1 


S3 

S'3 

S3 

0/ 

•^3 

D3 


63 + 27 


(1,1) 

(1,1) 
(1,1) 
(1,1) 
(1,1) 


-| -i i 

-| -| 1 

-i -i -i 

-i -i -i 
-i -i -i 


(1,1,1,1,1,1) 
(1.1,1.1,1,1) 
(1,1,1,1,1,1) 
(1,1,1,1,1,1) 
(1,1,2,1,1,2) 


-1 1 
1 -1 

-1 -1 
1 1 






64 + 27 


(1,1) 

(1,1) 


0-^0-^0^0 

OOiQiOiO 


(2,1,1,1,1,1) 
(2,1,1,1,1,1) 


1 

-1 


Di 
D'l 


1 + 62+ 
63 + 27 


(1,1) 
(1,1) 


000 -iiiOO 

OOO-iiiOO 


(1,2,1,2,1,1) 
(2,1,1,1,2,1) 






D2 
D'2 


1 + 61+ 

63 + 27 


(1,1) 
(1,1) 


-i ^ -i 

-1 i -i 


(2,1,1,1,2,1) 
(1,2,1,2,1,1) 








1 + 61 + 62 
64 + 7 


(1,1) 
(1,1) 


424442^2 
Slllllnl 
424442'-'2 


(1,1,1,2,1,1) 
(1,1,1,2,1,1) 


1 i 

2 2 

1 1 

2 2 


D'3 
D3 


1 + 61+ 
62 + 27 


(1,1) 
(1,1) 


-i -i 
i 


(2,1,1,1,2,1) 
(1,2,1,2,1,1) 








1 + 61+ 

62 + 63+ 

P + 27 


(1,1) 

(1,1) 
(1,1) 

(^1,1 j 


-1 -i -i i 

1 i -| 1 
1 J J ^ 


(2,1,1,1,1,1) 
(2,1,1,1,1,1) 
(2,1,1,1,1,1) 

(^Z, 1,1, 1,1,1 j 





u u 


Df 


1 + 61+ 
62 + 63 
a + 27 


(1,1) 

(1,1) 
(1,1) 


-i ^ -i 
-i 
OO^O^O-iO 
u u 2 u — 2 — 2 


(1,1,2,2,1,1) 
(1,1,1,1,2,1) 

(1,1,1,1,2,1) 
(^1,1,/,/, 1,1 ) 




1 

-1 

n n 
u u 


^(6) 
^(6) 


±7 


(1,1) 
(1,1) 
(1,1) 
(1,1) 


Slllllln 

4244422^ 
3 1 1 1 1 1 1 n 
4244422*^ 
3 1 1 1 1 1 1 n 
4244422"-" 
3 1 1 1 1 1 1 PI 
4244422^ 


(1,1,1,1,1,2) 
(1,1,1,1,1,2) 
(1,1,1,1,1,2) 
(1,1,1,1,1,2) 


1 1 

2 2 

1 1 

2 2 

1 1 

2 2 

1 1 

2 2 



Table 3. a continued. 
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F 


SEC 


5[/(3)x 


Qc Ql Ql Q2 Qs Qi Qb Qe 




Q7 Qs 


^(3) 

Df 

^(3) 


61+63 
±7 


(1,1) 
(1,1) 

(1,1) 
(1,1) 


31111r)ll 
42444'-'22 
31111nll 
42444"-'22 

3 1 1 1 1 r) 1 
42444'-'22 

3 1 1 1 1 n 1 1 

42444^22 


(1,1,2,1,1,1) 
(1,1,2,1,1,1) 
(1,1,2,1,1,1) 
(1,1,2,1,1,1) 


1 1 

2 2 

1 1 

2 2 

1 1 

2 2 

1 1 

2 2 


F 
F' 
F 
F' 


1 + 63 + a 


(1,1) 
(1,1) 

(1,1) 

(1,1) 


3 i i i i i n i 

4 2 4 4 4 2 ^2 
311111nl 
424442^2 
311111nl 

4i Z 4 4i •ri Z Z 

3 1 1 1 1 1 n 1 
424442^2 


(1,1,2,1,1,1) 
(1,1,1,1,1,2) 
(1,1,2,1,1,1) 
(1,1,1,1,1,2) 


1 i 

2 2 

1 1 

2 2 
1 1 

9 9 
Z Z 

1 1 

2 2 


Fi 

F2 
F3 
Fa 


1 + 62 + 64 

/?±7 


(1,1) 

(1,1) 

(1,1) 

(1,1) 


3 i i i i i i r, 

^ z 4 •y: z z 

3111111ri 

4244422"^ 

3111111rv 

A')AAA')')^ 

4i Z ^ 4i 4i Z Z 

3 1 1 1 1 1 1 r, 
4244422"-* 


(1,1,2,1,1,1) 
(1,1,1,1,1,2) 
(1,1,2,1,1,1) 
(1,1,1,1,1,2) 


i i 

z z 

1 1 

2 2 
1 1 

9 9 
Z Z 

1 1 

2 2 




1 + 64 

±7 


(1,1) 
(1,1) 


3 1 1 1 1 n 1 1 

49/1 44^9 9 

4: Z 'i 4: '1 Z Z 

3 1 1 1 1 n 1 1 

4 2 4 4 4 ^22 


(1,1,1,2,1,1) 
(1,1,1,2,1,1) 


1 1 

2 2 

1 1 

2 2 




63 + 64 

±7 


(1,1) 
(1,1) 


3 i i i i i n i 
424442^2 
3 1 1 1 1 1 n 1 
42 4 442^2 


(1,2,1,1,1,1) 
(1,2,1,1,1,1) 


1 i 

2 2 

1 1 

2 2 




61 + 62 + 63 
+64 + 7 


(1,1) 
(1,1) 


3 i i i i r) i i 
42444"-'22 
31111r)ll 
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Table 3.c. D-Flat direction basis of non-abelian singlet fields. Column 2 specifies the 
anomalous charge and columns 3 through 16 specify the norm-square VEV components 
of each basis direction. The six fields e,^ and i^5,6,7 carry hypercharge, the remaining 
do not. A negative component indicates the vector partner of a field (if it exists) must 
take on VEV rather than the field. 
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Table 3.d. Unique VEV associated with each non-abelian singlet field D-Flat basis 
direction. 
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Table 3.e D-Flat direction basis of all fields. 
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-2 








2 




-1 




-1 

























































6 


































































































































Vaa 


1 


1 



1 



-2 









-1 




-1 




2 
























































































6 





































































































2 


-4 



-1 



-1 




6 




1 



4 



1 
















































































































































6 












-6 






























2^46 


2 


2 



-1 




-1 






6 


6 

1 




4 




7 




























































































































































































P47 


2 


-1 




-1 




2 




6 




1 



7 


6 
4 





























































































































































































Table 3.e continued. 
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FD 


15 


^46 
<^56 


^45 


^56 


^3 


V2 

H7 


He 


^5 

Hr, 


^^9 


^8 








<6 


^45 






*1 2 


i^ii 


Hio 


Hq 


Hs 


H16 


Hi4 


H12 


Vi 




V7 


Hi7 


Hi5 


His 






1^15 


1^14 




Vi2 


Vio 


Vu 






















Qi 


Q2 


Qs 


dl 


d2 


dl 


u\ 


U2 


ul 


H3 


h 


Li 


L2 


L3 






Hi 


Hi 


H2 
























'Dar 


2 






1 



-3 





2 



3 




4 



1 
















































































































-8 










6 
































T>Aq 


2 


-3 



1 









2 



3 



1 



4 
















































































































-8 













6 































2 


-1 



-1 




-4 




6 



1 




1 




4 



















































































































































6 









-6 































Table 3.e continued. 
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FD 


\EY 


FD 


XEY 


FD 


XEY 


FD 


YEY 


FD 


A'EV 


Vi 




Vn 


H2 


V21 




2^31 


Va 


2?41 


Vi 


V2 




V12 


Hi 


V22 


h 


^32 


Hi3 


2?42 


Hij 


^3 




^13 


HlQ 


V23 




V33 


Vio 


2^43 


V-r 


V4 


HlQ 


Pl4 


$46 


V2A 




V34 


Vi5 


P44 


Vu 


V5 


Hi4 


^15 


$56 


V25 


V9 




Vu 


2?45 


Li 


Vq 


H12 




^1,2 


^26 


V3 


V3& 


Vi3 


2?46 


V2 


V7 


H3 


Vn 


^8 


V27 


ul 


V37 


V12 


2?47 


^5 




H9 


Vis 




V2S 


Q2 


2^38 


dl 


2?48 


dl 




Hu 




Qi 


V29 


ul 


2^39 


L3 


2^49 


dl 


'Dio 


$45 


2^20 


Qa 


^30 


Hi5 


2^40 




2^50 


L2 



Table 3.f. Unique VEV associated with each D-Flat basis direction. 
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Quintic superpotential: 

Ws = QiH3LiH5^2 + Q2H3L2HeCi + QsuiHiH^H^o + QzulH2HyH^ 

+ H3H4HiH^Hio + H3H4H2HSHS + H-iHiH2H^^2^ + H^H^^'^^ HuHg 

+ H^H^^fHsHio + LsHiN^HrHio + L^H2NS^HjHs + H^H^^'^^H^H^ 

+ H4H4^4qNiV2 + H4H4^^qN2V5 + H /^H 4^ ^^H iqH iQ + H/iH/iH^HiHiQ 

+ H4H4H4H2H8 + H4H4HlH2^f + H4H4^fHnHg + J/4^4^2^^8^10 

+ H4Hi^2HQSHs + H4H2^'^Q^fHw + ^4^4$l6^8^8 + ^4^4$56^^10i?10 

+ H4H1H1H1H1Q + H4H1H1H2HS + H4H1H2H2H1Q + H4HiH'jH'jHiQ 

+ H4HiHeHeHw + H4H1H5H5HW + ^4^i6^f ^8 + H^Hi^f^fHio 

+ H4Hi^2^ ^2^ Hio + H4H1H11H1QH11 + H4H1H10H10H1Q + H4HiHiQHgHg 

+ H4HiHiqH^H^ + H4HiHi()HiqHi7 + H4H2H2H2H8 + -^4-ff2^56^2^-f^l0 

+ H4H2HjH-jH8 + H4H2H(iHQHg + H4H2H^H'^Hii, + H4H2'^i^ Hg, 

+ H4H2^2^ ^2^ Hs + H4H2HiiHg,Hii + H4H2H1QH8H1Q + H4H2HgHg,Hg 

+ H4H2H8HSHS + HiHiHiH2^f + HiHiH2H2<^>'45 + i^i^i^lg^f 

+ ^i^i^lgf^'^i^^ + HiHi^fHuHg + HiHi^fSsHio + HiH2H2H2^f 

+ ^1^2*45-^8^10 + HiH2H7H7^f + HiH2HeHQ^f + HiH2H^H^^f 

+ HiH2^f^f^f + HiH2^f^f^f + HiH2^f^f^f + HiH2^fHuHn 

+ HiH2^fHioHio + HiH2^fHgHg + HiH2^fH8H8 + HiHiH2H2^'45 

+ HiHi^'4Q^f^f + HiHi^'4^^f^f + HiHi^'4^Hi2His + /fiiJi$45i?14i^l5 

+ HiH2^fHieHn + i7iF2^45-?^10J^8 + F2^2<5^^16i?17 + -^2^2$56^f 

+ F2^2^56^f + H2H2^fHnHg + i72^2^f ^8^10 + i?2i^2$565'l 

+ F2i?2^56^f $f + H2H2^'^^Hi2Hi^ + ^'4^^^ ¥f Hi^H^ + ^le^f^f ^16^17 

+ $46iV|1^9^9i?9 + ^mN^VsHsHs + ^i^mV^HgHg + ^[^NiV^HsHs 

+ ^4h^'^^^HiiHii + ^4^H8H8HwHio + ^4^,HuHiiHgHg + ^4r^HioHioHsHs 

+ ^A^N^VsHnHu + $45iV{=y2i^ioi^io + ^^^N^VgHnHu + $56iV|^8^^ioi^io 

+ $56^f i^l4i^l5 + $56^f i^l4^^15 + N^V^^f H^qH^ + iV|$f i/n^8Fi2 

+ H^Hr^fHiiHg + HrS^^fSsHw + HeSe^fHnHg + HeSe^fBsSio 

+ H^H^^fHiiHg + H^H^^fSsHio + $f $f $f /fni^g + $f $f $f i^ni^g 

+ $f $f $f Fg^io + ^fHuHuHuHg + ^fHuHioHioHg + ^fHuHgHgHg 

+ ^fHiiHsHgHs + $f $f $f //iiFg + $^''c|^»^^<|^^^^F8i?io + ^-f l>f i?8^10 

+ ^"^^ HiiHi2HgHis + HiiHgHiiHio + ^2^ HiqH^HiqHiq + ^2^ HgHgHiQHg 

+ ^fSsHsHioHs. (B.l) 



127 



Appendix C 



c.i 



Weight roots of Eq representations in the twisted sector 
02 of the 50(4)3 model 



Psh=P- V2 



(1,-1/2,-1/2,0^) 
(-1,-1/2, -1/2, 0^) 
(0,1/2,1/2,1,04) 
(0,1/2, 1/2, -1,0^) 
(0,1/2,1/2,0,1,03) 
(0,1/2,1/2,0,-1,03) 
(0, 1/2,1/2,0^,1,02) 
(0,1/2, 1/2,02, -1,02) 
(0,1/2,1/2,03,1,0) 
(0,1/2,1/2,03,-1,0) 
(0,1/2, 1/2, OSI) 
(0,1/2, 1/2, 0^-l) 
(-1/2,0,0,1/2,1/2,1/2,1/2,1/2) 
(-1/2,0,0,-1/2,-1/2,1/2,1/2,1/2) 
(-1/2,0,0,-1/2,1/2,-1/2,1/2,1/2) 
(-1/2,0,0,-1/2,1/2,1/2,-1/2,1/2) 
(-1/2,0,0,-1/2,1/2,1/2,1/2,-1/2) 
(-1/2,0,0,1/2,-1/2,-1/2,1/2,1/2) 
(-1/2,0,0,1/2,-1/2,1/2,-1/2,1/2) 
(-1/2,0,0,1/2,-1/2,1/2,1/2,-1/2) 
(-1/2,0,0,1/2,1/2,-1/2,-1/2,1/2) 
(-1/2,0,0,1/2,1/2,-1/2, 1/2,-1/2) 
(-1/2,0,0,1/2,1/2,1/2,-1/2,-1/2) 
(-1/2, 0, 0, -1/2, -1/2, -1/2, -1/2, 1/2) 
(-1/2, 0, 0, -1/2, -1/2, -1/2, 1/2, -1/2) 
(-1/2, 0, 0, -1/2, -1/2, 1/2, -1/2, -1/2) 
(-1/2, 0. 0, -1/2. 1/2, -1/2. -1/2, -1/2) 
(-1/2.0.0. 1/2.-1/2.-1/2.-1/2.-1/2) 



Psh,DL(^Ee) 



(0,0,0,0,0,0) 
(1,0,-1,0,0,1) 
(0,-1,1,0,0,-1) 
(-1,1,0,0,0,0) 
(0,1,0,0,0,-1) 
(0,-1,1,0,0,0) 
(-1,0,0,1,-1,0) 
(0,0,1,-1,1,0) 
(-1,0,1,-1,0,0) 
(0,0,0,1,0,-1) 
(0,0,1,0,-1,-1) 
(-1,0,0,0,-1,0) 
(0,0,0,0,-1,0) 
(0,0,0,0,-1,0) 
(0,1,0,-1,0,0) 
(0,1,-1,1,-1,0) 
(-1,1,-1,0,0,1) 
(1,-1,1,-1,0,0) 
(1,-1,0,1,0,0) 
(0,-1,0,0,0,1) 
(1,0,0,1,-1,-1) 
(0,0,0,-1,0,0) 
(0,0,-1,1,0,0) 
(1,0,0,0,0,0) 
(0,0,0,-1,1,1) 
(0,0,-1,1,0,1) 
(0.1. -1.0. 0.0) 
(1. -1.0.0.0.0) 



Table c.l contains the 28 roots which fulfil tlie massless equation for tlie twisted 
sector 02 for the fixed torus T2. The solutions Psh, shifted by V2, are showed in the first 
column. In the second column the roots are rewritten in Dynkin labels with respect to 
Eq. The first root is a singlet of Eq. The other 27 belong to the same multiplet and form 
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in fact the 27 of Eq. The highest weight of the 27 representation is (1,0,0,0,0,0). 
These states are singlets under the hidden E'^ gauge group. 

The simple roots of Eq are given below : 

ai = (-1/2,-1/2,-1/2,1/2,-1/2,-1/2,-1/2,1/2) 

a2 = (0,0,0,-1,1,0,0,0) 

as = (1/2,1/2,1/2,1/2,-1/2,-1/2,1/2,1/2) 

a4 = (0,0,0,0,0,1,-1,0) 

as = (0,0,0,0,0,-1,0,-1) 

ae = (-1/2,-1/2,-1/2,-1/2,-1/2,1/2,1/2,-1/2). (C.l) 
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Appendix D 



D.l Total amplitude contributions of the shift orbifold in 



^o,ab — 


{% 


- :S^)AiA2A„' 


^ab,o — 


{% 


- :S^)AiA2A„' 


^ab,ab 


{% 


- 5^)AiA2A„/ 


- ' 


{% 


- 5^)AiA2A„, 


-- 


{% 


- 5^)AiA2A„/ 


-- = 


{% 


- 5^)AiA2A„' 


-2^0,6 = 


{% 


- 5^)AiA2A„/ 


^bfi = 


{% 


- 5^)AiA2A„' 


2^b,b = 


{% 


- 5^)AiA2A„/ 


2a,b = 


{% 


- ^)AiA2A„' 


^a,ab 


{% 


- 5^)AiA2A„/ 


■ = 


{% 


- :S^)AiA2A„' 


Zab,b = 


{% 


- 5^)AiA2A„/ 


Zb,ab = 


{% 


- 5^)AiA2A„' 


2'b,a = 


{% 


- 5^)AiA2A^;„/ 



Am,n[(Oi6 — 5'i6)(Ol6 — 'S'le)] 5^ 
A„,„[(Fl6 + Ci6)(yi6 + Ci6)]T 

Am,n[(^i6 - C'i6)(^i6 " C'le)] ^ S invariant 
(-l)™A„,„[(0i6 - 5i6)(Oi6 + ^16)] S; 

A™,„+1/2[(^16 + Ci6)(Oi6 + 5l6)] T 
(-l)^'"A„,„+i/2[(-yi6 + Ci6)(Oi6 + 5i6)] ^ 



S invariant 



Am,n+l/2 

(-l)'"A„^„+i/2[(Oi6 + 5i6)(-Fi6 + Cie)] ^ S invariant 
(-l)"A„,„+i/2[(yi6 + Ci6)(Oi6 - Sie)]T 

AmAiCw - Vl6)(Ol6 - 5l6)] 5 

(-l)^'"A„,„+i/2[(-yi6 + Ci6)(Fi6 + Cie)] T 

{-ir^m,n+l/2[{Vw + Ci6)(-Fi6 + Cig)] ^ S 
Am,n+l/2[(Ol6 " 'S'l6)(C'l6 " Viq)]T^ 

(-irA„,„[(0i6 - 5i6)m6 + Cie)]. 

(D.l) 



D.2 Left amplitudes of Z2 x Z2 orbifold model in eg. (15.431 ) 

In this sector we assume that the first three elements of each product correspond to the 
compact space, hence they feel the action of the Z2 x Z2 orbifold. 
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Untwisted 



500 = (O2O2O2Oi0+l^2^2^2^10)Ol6 + (>9252S2Ci0 + C2C2C25i0)Ci6; 
gOg = (O2^2^2Ol0 + V^2O2O2^10)Ol6 + (52C2C2Ci0 + C252525i0)Ci6; 
9m = {V2V2020i^ + 0202V2Vio)Oiq + {C2C2S2Cio + S2S2C2Sio)Cig; 
90f = {V202V20io + 02V202Vw)OiQ + {C2S2C2C10 + S2C2S2Sio)Cl6. 

(D.2) 

oh ~ W2'-'2'-'2'-'10 + '-^2^2'-'2'-'10 ~ '-^2*-' 2 '-^2*-' 10 ~ '-'2<-^2<-^2'-'10 ~ '-^2 '-'2 '-'2'-^ 10 

—S2C2S2C10 + S2S2C2C10 + C2C2C2Cio)Sie 

+ {-V202020io - O2V2O2O10 + O2O2V2O10 + V2V2V2OW + O2O2O2V10 
+V2V2O2V10 - V2O2V2V10 - 02^2^2^10)^16; 
oh ~ I, '-'2 '-'2 "J 2*-' 10 + '-^2'-^ 2 '-'2'-^ 10 ~ '-^2'-' 2 '-'2'-^ 10 ~ '-'2'-^2<-^2<-^10 ~ '-'2 '-'2 '-'2 '-'10 
+S2S2C2S1Q + C2C2C2S1Q — S2C2S2Siq)Oiq 

+ {O2O2O2Ol0 + V2V2O2O10 - V2O2V2O10 - O2V2V2O10 - V2O2O2V10 
-O2V2O2V10 + O2O2V2V10 + ^2^2^2^10)^16; 
oh ~ l'-'2'-'2>-'2'-'10 + L'2O2<-'2'-'10 ~ L'2<-'2L'2>-'10 ~ '-'2L'2L'2'-'10 ~ ty2'-'2'-'2L'10 
— S2C2S2C1Q + S2S2C2C1Q + C2C2C2Cio)Vi6 

+ (-1/20202010 - 02^202010 + O2O2V2O10 + V2V2V2OW + 020202^10 

+V2V2O2V10 - V2O2V2V10 - 02V2V2Vio)Siq; 

(D.3) 

where each of these (jP.Sp contributions do not play a role in the massless untwisted 
spectrum, beside they can contribute in the twisted massless sector. 
Twisted sector h 

5h0 = (52O2O2O10 + 0252^2^40)016 + (F2O252O10 + 02^202^10)016; 
9hg = (52521/2010 + O2O2O2Fl0)Oi6 + (O2O2525i0 + l/2V2020io)Oi6; 
9hh = (O252O2O10 + 5202^2^10)016 + {V2O2C2S1Q + 02F2520io)Oi6; 
9hf = (0202^2010 + 5252 02^10)016 + (O2O2O2O10 + l/2T/2525io)Oi6. 

(D.4) 
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Twisted sector g 

5fl0 = (O2C252Oi0 + C2F2O25l0 + ^2O2V^2Ci0 + F252C2yi0)(Ol6 + Ci6) 

+ {O2C2C2O1Q + C2V2O2C10 + »S'2O2V2S'i0 + V2<S'25'2 Vio)'S'l6 

+ {S2O2O2CW + ^252^2010 + C2 1^2 ^2^10 + 02C2S2Viq)Viq- 

ggg = {O2S2C2O10 + S2V2O2C10 + C2O2V2S10 + V2C2S2Vio){Oie + Cie) 

+ (O2S'2iS'2Oi0 + 'S'2V2O2S'i0 + C2O2V2C10 + V2C2C2 Vio)S'i6 

+ {C2O2O2S1Q + V2C2S2O10 + S2V2V2C10 + 02S2C2Vio)Vig; 

ggh = {S2O2O2S10 + V2S2S2O10 + C2V2V2C10 + 02C2C2yio)(Ol6 + Cie) 

+ {S2O2O2C10 + V2iS'2C2Ol0 + C2V2V2S10 + 02C'2'S'2^1o)5'l6 

+ (O2C2C2O10 + C2V2O2C10 + 5202V^2S'lO + 1^25252^10)1^16; 

9gf = {C2O2O2C10 + y2C2C20io + 52^21^2510 + 025252^10) (O16 + Cie) 

+ (C2O2O2510 + V2C252O10 + 52V2V2C10 + 0252C2l4o)5i6 

+ (O25252O10 + 52l^2O25l0 + C2O2l^2Ci0 + V2C2C2Vio)Vi6 . 

Twisted sector f 



9fo = {C2O2S2O10 + V2C2O2S10 + O2S2V2C10 + S2V2C2Vio){OiQ + Ciq) 

+ (C2O2C2O10 + V2C2O2C'l0 + O252V2510 + 52V252Vio)5i6 

+ (O252O2C10 + 52V2C2O10 + V2C2V2510 + (^2 2 52 Vio)Vi6; 

gfg = (O2C2O2C10 + C2y2C20io + F252F2510 + 52O252F10) (O16 + Cie) 

+ {O2C2O2S1Q + C2V252O10 + V252V2C10 + 5202C2Vio)5i6 

+ (52O252O10 + V252O2510 + 02C2y2Cio + 02^2^2^10) Vie; 

9fh = {02S202Sio + S2V2S20io + V2C2V2Cio + C202C2Vio){Oie + CiG) 

+ (O252O2C10 + S2V2C2O1Q + V2C2V2510 + C'2 2 52Vio)5ie 

+ {C2O2C2O1Q + F2C2O2C10 + 0252^2510 + 52F252Fio)Vi6; 

gff = {S202C20w + V2S202Cw + 02C2V2Sw + C2V2S2Vw)(Piq + Ciq) 

+ (52O252O10 + V252O2510 + O2C2V2C1Q + C2V2C2Vio)5ie 

+ (02^202510 + C2V252O10 + V252V2C10 + 5202(^2 Vio)Vi6- 
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For completeness we present also the twisted amplitudes which do not contribute to 
the low energy spectrum 

G'f^Q = {C2C2O2O10 + S2S2O2O10 + S2C2V2O1Q + C2S2V2O10 + S2C2O2V10 

+C2S2O2V10 + C2C2V2V10 + S2S2V2Vio)Vie 

+ (02025*2^10 + O2O2C2iS'i0 + V2O2C'2C'i0 + V2O2S'2'S'i0 + O2V2C2C10 
+O2V2S'2-S'i0 + V2V2-S'2C'io + V2V2C'2-S'lo)S'l6; 
G'I^q = {O2O2C2C1Q + O2O2iS'2S'i0 + V2O2<S'2C'i0 + V2O2C2S1Q + O2V2S'2C'i0 
+02^202^10 + ^2^202010 + ^2^2^2510)016 

+(520202010 + C2S2O2O10 + O2O2V2O10 + 'S'252V20io + O2O2O2T40 

+iS'25'2O2Vi0 + 5202V2Vio + 0252V2Vio)Oi6; 

^hO ~ {O2O2S2C10 + O2O2C2S10 + V2O2C'2Ci0 + V2O252510 + O2V2C2C10 
+02^2525x0 + 1^2 ^2^2010 + F2V^2 025x0)^16 

+ (0202020x0 + ^2^2020x0 + 52O2V2OXO + O252V2O10 + 52O2O2V10 
+O252O2V10 + O2O2V2V10 + 5*252 V2Vio)5i6. 

(D.7) 

One obtains analogous expressions by applying T transformations on each of the previ- 
ous amplitudes, giving rise to G'^^, G'^^ and G'^'^ respectively. 
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D.3 Right amplitudes of Z2 x Z2 orbifold model in eg. (15.431 ) 



We assume that the first element of the following products corresponds to spacetime 
degrees of freedom, hence the action of the Z2 x Z2 orbifold applies on the last three 
elements. 



Too 


= V2020202 


+ 021^2^2^2 


— S2S2S2S2 — 


C2C2C2C2 , 


TOg 


= 02V20202 


+ 1/2021/21^2 


— C2C2S2S2 — 


S2S2C2C2 , 


TOh 


= 020202V2 


+ y2^2V202 


— C2S2S2C2 — 


S2C2C2S2 , 


Tof 


= 0202V202 


+ V2V2O2I/2 


— C2S2C2S2 — 


S2C2S2C2 , 


TgO 


= V202S2C2 


+ O2V2C2S2 


— S2S2V2O2 — 


C2C2O2V2 , 


'''gg 


= 02V2S2C2 


+ V2O2C2S2 


— S2S2O2V2 — 


C2C2V2O2 , 


Tgh 


= 0202S2S2 


+ V2V2C2C2 


— C2S2V2V2 — 


S2C2O2O2 , 




= 0202C2C2 


+ V2V2S2S2 


— S2C2V2V2 — 


C2S2O2O2 , 


ThO 


= V2S2C202 


+ 02^252^2 


— C2O2V2C2 - 


- S2V2O2S2 , 


Thg 


= 02C2C202 


+ V2S2S2V2 


— C2O2O2S2 - 


- S2V2V2C2 , 


Thh 


= 02S2C2V2 + V2C2S202 


— S2O2V2S2 — 


C2V2O2C2 , 


Thf 


= 02S2S202 


+ V2C2C2V2 


— C2V2l^S'2 — 


S2O2O2C2 , 


TfO 


= V2S202C2 


+ O2C2V2S2 


— S'2V25'202 ~ 


C2O2C2V2 , 


^fg 


= 02C202C2 


+ V2S2V2S2 


— C2O2S2O2 - 


- S2V2C2V2 , 




= 02S202S2 


+ V2C2V2C2 


— C2V2S2V2 ~ 


S2O2C2O2 , 


Vf 


= 02S2V2C2 


+ ^20202^2 


— C2V2C2O2 - 


- S2O2S2V2 , 



where for brevity we dropped the bar which labels the supersymmetric sector. 
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